Supervised Learning: Classification

Logistic Regression, Decision Trees, Metrics, and Imbalance

Lecture Companion Notes

Data Science with Python — BSc Course

Joerg Osterrieder
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These notes accompany the classification lectures (L25-128). They follow a problem-first
structure: each section opens with a concrete challenge, builds intuition through visuals and
analogies, then formalizes the concept with worked examples. Read before lecture for
preparation, revisit after for deeper understanding.
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1 When Numbers Become Decisions — From Regression to
Classification

Opening Problem: The Inconsistent Loan Officer

Maria works as a loan officer at a regional bank. Every day she reviews around 200
applications. For each one she must decide: approve or deny. She has guidelines—income
thresholds, debt ratios, credit score cutoffs—but the guidelines leave grey areas. After a
long morning she starts approving applications she would have denied on Monday. After
a bad lunch she tightens up. Two applicants with nearly identical profiles get opposite
outcomes depending on which day they land on her desk.

The bank notices. Bad loans cost money. Rejected good customers walk across the street
to the competitor. Management asks: Can we build a system that makes these decisions
consistently, using the same data Maria uses, but without the Monday-vs-Friday drift?
This is a classification problem. Not “predict a number” (regression), but “pick a category”
(approve or deny). The rest of this section explains why regression cannot do this job and
what we need instead.

Discovery Question

| r

Suppose you code the target variable as y = 0 (deny) and y = 1 (approve), then fit a
standard linear regression. You get predictions like § = 0.73 or § = —0.15 or y = 1.42.
Questions to think about:

(a) What does a prediction of —0.15 mean? Is this person “negative approved”?
(b) What does 1.42 mean? More than fully approved?

(c) If you round to the nearest integer, you get 0 or 1. But is 0.51 really different from
0.497 The model treats them as opposite decisions.

Linear regression was built for continuous targets. Forcing it onto a binary target creates
nonsensical outputs. We need a model whose output lives in [0,1] and has a natural
interpretation as a probability.

\ J

The Thermometer vs. the Traffic Light

Think of a thermometer and a traffic light. A thermometer gives you a number: 22.7°C. A traffic
light gives you a category: red, yellow, or green. Regression is the thermometer. Classification
is the traffic light.

The crucial difference is not just the output type. With a thermometer, 22.7°C is “between”
22°C and 23°C in a meaningful sense—you can interpolate. But “yellow” is not “between” red
and green in any arithmetic sense. Categories have no natural order (unless they do, which we
call ordinal—but even then, the gaps between categories are undefined).

Figure 1 shows the core problem. A straight line fitted to binary data produces predictions
outside [0, 1]. The logistic curve, by contrast, stays bounded.

Real data rarely separates into clean clusters. Figure 2 shows what happens when classes
overlap—some defaulting customers look identical to non-defaulting ones. Classification does
not require perfect separation; it learns the best available boundary.

Formal Definitions

Classification: Assigning an observation to one of a finite set of categories based on its features. The model
learns a mapping f : R? — {1,2,..., K} from training data.

(c) Joerg Osterrieder 2026
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Why Logistic Regression? Linear Fails on Binary Outcomes
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Figure 1: Linear regression (left) vs. logistic regression (right) on binary data. The linear model produces
impossible values; the logistic model stays in (0, 1).

Class Separation: Overlap Creates Classification Errors
1
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Figure 2: Overlapping classes in feature space. No boundary perfectly separates the two groups. Clas-

sification finds the boundary that makes the fewest mistakes.
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Binary classification: Classification with exactly two classes (e.g., default/no-default, spam/not-spam, ap-
prove/deny). The target is y € {0, 1}.

Features (predictors): The input variables z1, 2, . .., Zp used to make the classification. In the loan example:
income, debt-to-income ratio, credit history length.

Decision boundary: The surface in feature space where the model switches its prediction from one class to
the other. For linear models, this boundary is a hyperplane.

The standard classification pipeline has three stages: (1) compute a raw score from features,
(2) convert the score to a probability, (3) apply a threshold to produce a class label. Figure 3
shows this flow.

Logistic Regression Classification Pipeline

Example:
[0.8,-0.3]

Features Linear Sigmoid Probability Class
X1, X2, .+ z=Bo+ 2 BiX; a(2) Ply=1) Oorl

Threshold
(default 0.5)

Input features -> Linear combination -> Sigmoid squashes to (0,1) -> Threshold gives class

Figure 3: The classification pipeline: features enter a scoring function, get transformed into probabilities,
and pass through a decision threshold.

Classification vs. Regression: A Precise Comparison

Property Regression Classification

Target type ~ Continuous (y € R) Categorical (y € {0,1,...,K})
Output A number (predicted value) A label (and optionally a probability)
Loss function MSE, MAE Log loss, cross-entropy

Example Predict stock price Predict default (yes/no)

Evaluation R?, RMSE Accuracy, precision, recall, AUC

Historical Background: Fisher’s Irises (1936)

The first systematic use of mathematical classification came from Ronald A. Fisher in
1936. He measured four features of iris flowers—sepal length, sepal width, petal length,
petal width—and asked: can we separate three species (setosa, versicolor, virginica) using
these measurements?

Fisher invented linear discriminant analysis (LDA) to answer this. He found the linear
combination of features that maximized the ratio of between-class variance to within-class
variance. He had no computer. He did this with a pencil, a ruler, and arithmetic tables.
What Fisher did by hand in 1936, you do with sklearn.LogisticRegression() in one
line of code. The statistical thinking has not changed. The compute budget has.

(c) Joerg Osterrieder 2026
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Common Misconception: “Logistic regression is regression”

Despite the name, logistic regression is a classifier. The word “regression” refers to the fact
that the model uses a linear combination of inputs (just like linear regression), but the
output passes through a sigmoid function and the target is categorical. If someone asks “Is
logistic regression a regression or a classification method?””—the answer is classification.

| r

Common Misconception: “Classification only works with two classes”

Binary classification is the simplest case, but multiclass classification is standard. Tech-
niques like one-vs-rest (OvR) and the softmax function extend binary classifiers to K > 2
classes. We cover this in Section 3 (Section 3).

Common Misconception: “You need balanced classes”

Many real-world problems are imbalanced: 1% fraud, 5% default, 0.01% insider trad-
ing. Classification still works, but you need to handle the imbalance with appropriate
techniques. That is Section 8.

A bank builds a credit scoring model with three features:
e z1: annual income ($10k units)
e 15: debt-to-income ratio
e x3: credit history length (years)

Step 1: Compute a score. The model learns weights: Gy = —3.0, 51 = 0.4, B2 = —2.5,
Ps = 0.15. For a customer with income = 6 ($60k), debt ratio = 0.3, history = 10 years:

z=—3.0+0.4(6) 4+ (—2.5)(0.3) + 0.15(10) = —3.0 + 2.4 — 0.75 4 1.5 = 0.15

Step 2: Convert to probability. Apply the sigmoid: ¢(0.15) = 1/(1+ e~ %15) ~ 0.537.
The model estimates a 53.7% probability of repayment.

Step 3: Decide. With a default threshold of 0.5, this customer is approved (barely). A
more conservative bank might set the threshold at 0.7, and this customer would be denied.

For each of the following, state whether it is a classification or regression problem:

a) Predicting tomorrow’s stock price

(

(b) Detecting spam emails
(
(d

)
)
c) Estimating a house’s market value
) Flagging fraudulent credit card transactions
)

(e) Forecasting a customer’s lifetime spending

Solution: see Appendiz.

(c) Joerg Osterrieder 2026



Credit Default Model: Feature Odds Ratios

Interpretation:
Credit Score

OR=2.45: Each unit increase
in Debt-to-Income raises

Annual Income default odds by 145%

Employment Length

Credit Utilization

Interest Rate

Loan Amount

Previous Delinquencies

B Increases Default Risk (OR > 1)
B Protective Factor (OR < 1)

Debt-to-Income Ratio

0.0 05 1.0 15 2.0 25 3.0
0Odds Ratio

Figure 4: Credit default prediction: features like income and debt ratio feed into a logistic regression
that outputs default probability.

Sketch what happens when you fit a straight line (y = Sy + f12) to binary data where
y € {0,1}. Draw a scatter plot with about 10 points, fit a line through them by eye,
and mark where the line predicts values below 0 or above 1. Why are these predictions
problematic?

Solution: see Appendiz.

A dataset has columns: annual_income, employment_years, num_credit_cards,
loan_amount, and a target column defaulted (0/1).

(a) Identify the features and the target variable.
(b) What type of classification is this (binary or multiclass)?
(c) Which feature do you expect to have the strongest association with default? Why?

Solution: see Appendiz.
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Compare these two scikit-learn calls:

1 # Regression
2> LinearRegression() .fit (X, y).predict (X_new)

1 # Classification
5 LogisticRegression () .fit (X, y).predict_proba(X_new)

(a) What does predict() return for the regression model?
(b) What does predict_proba() return for the classification model?

(c) Why does the classifier output probabilities instead of just class labels?

Solution: see Appendix.

Design a classification system for detecting insider trading. Consider:

(a) What features would you engineer? (Think: trading volume, timing relative to
announcements, network of relationships.)

(b) What makes this harder than credit default prediction?
(c) What is the likely class balance, and why does that matter?

Solution: see Appendix.

Connecting Forward

We now know what classification is and why linear regression fails at it. The missing piece is the
mathematical bridge—a function that takes any real-valued score and maps it to a probability.
That function is the sigmoid, and it is the star of Section 2.

Key Takeaway: Classification turns features into decisions by learning the boundary between

categories from data.

(c) Joerg Osterrieder 2026



The Logit Transform: Probability to Log-Odds
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2 -
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0
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p=0.12: logit=-2

0giSTic Regression:
= Bo+B1x

Inverse (Sigmoid):
P 1

=S 1re G
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Probability p

Figure 5: The logit transform: the mathematical bridge from linear scores to probabilities.

The History of Classification

Fisher Cox Modern ML
Iris Dataset Logistic Reg. Deep Learning
1936 1962 2010s
@— + o+0 } + + { J =@ }
1958 2001
Rosenblatt Breiman
Perceptron Random Forest

Figure 6: Timeline of classification methods—from Fisher’s LDA (1936) to modern ensemble methods.
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2 The S-Curve That Changed Everything — The Sigmoid and
Logistic Regression

Opening Problem: The Bank Wants Probabilities, Not Just Labels

The bank from Section 1 does not just want “approve” or “deny.” Their pricing department
needs granularity:

e A customer with 95% repayment probability gets a premium low-interest rate.
e A customer at 60% gets approved but at a higher rate to compensate for risk.
e A customer at 30% gets denied.

Linear regression gives unbounded scores: z = —2.7 or z = 4.3. These are not probabilities.
You cannot charge an interest rate based on a score of —2.7—what does that even mean?
We need a function that takes any real number z and squeezes it into the interval (0,1),
smoothly, with a natural interpretation as probability. And ideally, the function should
be simple enough to differentiate and optimize.

| r

Discovery Question

What mathematical function maps any real number to the interval (0, 1), is smooth and
differentiable everywhere, is symmetric around its midpoint, and has the property that its
derivative can be expressed in terms of itself?

A first attempt: just clip the linear output at 0 and 1. But this creates a flat region where
the gradient is zero—the model cannot learn there.

A second attempt: the cumulative distribution function (CDF) of the standard normal
(this is the “probit” model). It works, but the CDF involves an integral with no closed
form.

A third attempt: o(z) =1/(1 + e~ #). Simple. Closed form. Derivative is o(z)(1 — o(2)).
This is the sigmoid, and it won.

. J

The Dimmer Switch

A light switch is binary: on or off. A dimmer switch is continuous: you can set it anywhere
from fully off to fully on, with a smooth transition in between. The sigmoid is the mathematical
dimmer switch. Near z = —5, it is “almost off” (close to 0). Near z = 5, it is “almost on” (close
to 1). At z =0, it is exactly at 50%.

Figure 7 shows the shape. Notice the S-curve: steep in the middle, flat at the extremes. This
means the model is most sensitive to changes near the decision boundary and least sensitive to
changes far from it—exactly the behavior you want.

The Sigmoid Function

Sigmoid function: The function o(z) = 14-%’ mapping any real value z to the open interval (0,1). It is the

canonical link function for binary classification.

(c) Joerg Osterrieder 2026
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Sigmoid Function: Maps Any Value to (0, 1)

1.0 1

/

0.8

Sigmoid: o(z) =1/(1 + e~?)
- Decision threshold

1)

Il
2> Predict 0
o
Predict 1
6 “4 2 0 2 4 6
z = Bo + P1x

Figure 7: The sigmoid function o(z) = 1/(1 4+ e~ #). The S-curve maps any real value to (0, 1).

10 95% Default Probability by Credit Score
V1 (]
=== 50% threshold

P(Default)

700
Credit Score

Figure 8: The sigmoid output interpreted as probability. Each input z maps to a probability between 0
and 1.
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where:

o z = fo+pix1+Paxa+- - -+ Bpxy is the linear combination of features (the “log-odds”)

o(z) € (0,1) is interpreted as P(y =1 | x)

e At z=0: 0(0) = 0.5 (maximum uncertainty)

As z — +o0: 0(z2) = 1
e Asz— —o0: 0(z) = 0

Key property: o/(z) = o(2)(1 — (2)). The derivative depends only on the function
value itself. This makes gradient computation fast.

Why Not MSE? The Log Loss

In linear regression we minimize the mean squared error. For classification, MSE is a poor
choice: it treats a confident wrong prediction (say, predicting 0.99 when the true label is 0)
as only slightly worse than a mildly wrong one (predicting 0.6). We need a loss function that
punishes confident mistakes severely.

Log loss (binary cross-entropy): The loss function for logistic regression: £ = — [y logp+ (1 —1y) log(1 —p)],
where p = o(z) is the predicted probability and y € {0,1} is the true label.

For a single sample:
L(y,p) = —[ylogp + (1 - y)log(1 - p)]
where:
e y € {0,1} is the true label
e p=o0o(x"B) € (0,1) is the predicted probability
e If y=1and p~ 1: loss =~ 0 (correct and confident—good)

e If y=1 and p ~ 0: loss — 400 (confident and wrong—catastrophic)

For the full dataset of n samples:

n

J(B) = —% Z[yz log pi + (1 — ;) log(1 — py)]

=1

This is minimized using gradient descent (or a quasi-Newton method like L-BFGS).

Maximum Likelihood Estimation

Maximum Likelihood Estimation (MLE): Finding the parameters 3 that maximize the probability (like-
lihood) of observing the training data. Minimizing log loss is equivalent to maximizing the log-likelihood.

The connection is direct. If we treat each sample as an independent Bernoulli trial with success

(c) Joerg Osterrieder 2026



Binary Cross-Entropy: Penalizes Confident Wrong Predictions Heavily

= y=1: Loss = —log(p)
354 Log Log===Yy=0: Loss = —log(1 - p) 1 — )]

Hidg penalty: High penglty:
2.54 PrediNted low P Predictedigh P
whey y=1 whepfy=0

Loss (Log Loss)
N
o

Perfect: P=0 w ct: P=1 when y=1

0.0 0.2 0.4 0.6 0.8 1.0
Predicted Probability p

Figure 9: Log loss as a function of predicted probability. Confident wrong predictions incur enormous
loss.

probability p; = o(x, 3), then the likelihood of the dataset is:
n
(@) = [t (1 - p)*»
i=1

Taking the log and negating gives exactly the log loss. So minimizing log loss 4s maximum
likelihood.

Historical Background: Berkson and the Logit (1944)

Joseph Berkson, a statistician at the Mayo Clinic, coined the term “logit” in 1944 as
the log-odds transformation: logit(p) = log %. He proposed the logistic model as an
alternative to the probit model (based on the normal CDF) for analyzing dose-response
relationships in medicine.

Berkson and Fisher debated fiercely over estimation: Fisher championed maximum like-
lihood, Berkson preferred minimum chi-square. Fisher won the argument—MLE became
the standard.

The word “logistic” for the S-curve predates Berkson by over a century. Pierre-Frangois
Verhulst introduced the logistic growth curve in 1838 to model population dynamics under
resource constraints. The mathematical function is the same; the application is entirely
different. Verhulst studied rabbits. We study loan defaults.

Common Misconception: “The sigmoid output IS the prediction”

The sigmoid gives you a probability, not a class label. To get a label you must choose a
threshold (commonly 0.5) and classify: if p > 0.5, predict class 1; otherwise predict class
0. The threshold is a separate decision. Section 7 covers how to tune it.

(c) Joerg Osterrieder 2026
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Optimization finds
the minimum

Maximum Likelihood: Finding Optimal

Y& MLE: B,=0.70, 31=3.85 -103.56
-93.04
-82.51

-71.99

-61.46

50.93

B (Coefficient)

40.41

Negative Log-Likelihood (Loss)

29.88

19.35

8.83

Bo (Intercept)

Figure 10: The log-likelihood surface over parameter space. MLE finds the peak—the parameters that
make the observed data most probable.

Common Misconception: “Higher sigmoid output means more confidence”

Not necessarily. A poorly calibrated model might output 0.92 for almost every positive
case, regardless of the actual evidence. Calibration—whether a predicted 80% actually
corresponds to 80% of true positives—is a separate property from accuracy.

Common Misconception: “Logistic regression minimizes MSE”

No. It minimizes log loss (cross-entropy), which is derived from maximum likelihood
estimation. MSE applied to classification produces non-convex optimization with bad
local minima. Log loss is convex, which guarantees a unique global minimum.

| r

Common Misconception: “The decision boundary is always at P = 0.5”

Only by default. In medical diagnosis you might set the threshold at 0.3 to catch more
true positives (at the cost of more false positives). In spam filtering you might set it
at 0.8 to avoid blocking legitimate emails. The threshold is a business decision, not a
mathematical requirement.

Decision Boundaries: From 1D to 2D

In one dimension, the decision boundary is a single point on the number line—the value of z
where o(z) = 0.5, i.e., where z = 0.

In two dimensions, the decision boundary is a line. On one side, P(y = 1) > 0.5; on the other
side, P(y = 1) < 0.5. The line’s equation comes from setting z = Sy + f1x1 + Saza = 0.

(c) Joerg Osterrieder 2026



15

1D Decision Boundary
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Figure 11: One-dimensional decision boundary. The sigmoid crosses 0.5 at the threshold point.

2D Decision Boundary (Linear)
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Figure 12: Two-dimensional decision boundary. The line separates the two classes; the color gradient
shows how probability changes with distance from the boundary.
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Probability Gradient with Decision Boundary

0.90

0.75

-0.60

-0.45

Feature x;
P(Class 1)

-0.30

0.00
4
Feature x;

Figure 13: The probability gradient across feature space. Dark regions correspond to high confidence
in one class, light regions to the other.

Logistic Regression in sklearn
sklearn Workflow Key Parameters

LOGISTIC REGRESSION WORKFLOW KEY LOGISTICREGRESSION PARAMETERS
from sklearn.linear_model import LogisticRegression LogisticRegression(
from sklearn.model_selection import train test split penalty="12",

from sklearn.preprocessing inport StandardScaler

# Regularization type
=1.0, # Inverse of regularization strength
solver='lbfgs', # Optimization algorithm

=100 # Max iterations

# 1. PREPARE DATA
X = df[['returns lagl', ‘volume’, 'volatility'l] randon_sta # Reproducibility
y = df[‘market direction'] #0 = up class_weig # Handle inbalanced classes

)
PENALTY OPTIONS

# 2. SPLIT DATA

X train, X test, y train, y test = train test split(
X, y, test_size=0.2, random_state=42

)

# 3. SCALE FEATURES (important for regularization!)
scaler = Standardscaler()
X train scaled = scaler.fit_transform(X train)

X test_scaled = scaler. transforn(X_test

Ridge-like (default, shrinks all)
e : Lasso-like (feature selection)
‘elasticnet': Mix of 12

None o regularization

C PARAMETER:

# 4. FIT MODEL C = 1/lanbda (inverse of regularization)

model = LogisticRegression(random state=42) - High C (100): Low regularization, may overfit

model. fit(X_train_scaled, y_train - Low C (0.61): High regularization, may underfit
- Default C=1: Balanced

# 5. PREDICT
y_pred = model.predict (X_test_scaled) SOLVER OPTIONS:

y_prob = model.predict_proba(X_test_scaled)[:, 1] =
‘lbfgs' Default, works for small datasets

# 6. EVALUATE ‘liblinear': Good for small datasets, L1 penalty
'sag'/'saga': Faster for large datasets

from sklearn.metrics import accuracy_score a datas
accuracy = accuracy_score(y_test, y_pred) newton-cg': Second-order optimization
print(fAccuracy: {accuracy:.2%}")

: ALL classes equal
Adjust for imbalanced data

Feature Coefficients (model.coef ) o1 e c"Sgwlgewe t proba() Output

1.0

= Correct
== Wrong
MA Cross - 0.38 )
0.8
e ®
RS+ P J
0.6 ®0
«
VolatiQy35 4 Sy PRSP SRS S P o - - o
o [ J
T 0.4 (¢]
Volume 4 Ui
PP
0.2
Returns (t-1) - 0.45 ) L
Positive coef: increases P(Up)
Negative coef: decreases P(Up) 0.0
-03 -02 -01 0.0 0.1 0.2 0.3 0.4 00 25 5.0 7.5 100 125 150 175
Coefficient Value Sample Index

Figure 14: Logistic regression fitted with scikit-learn: the decision boundary and class regions.
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Feature Coefficients (model.coef )

MA Cross
RSI 1
Volatiti®.35
Volume -
Returns (t-1) - 0.45
Positive coef: increases P(Up)
Negative coef: decreases P(Up)

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4
Coefficient Value

Figure 15: Learned feature coefficients. Positive coefficients push toward class 1; negative coefficients
push toward class 0.

Scikit-Learn in Action

Compute o(z) for several values of z:

2 e* 14+e? o(z)=1/(1+¢e?)

-3 20.09 21.09 0.047
-1 2718 3.718 0.269
0 1.000 2.000 0.500
1 0.368 1.368 0.731
2 0135 1.135 0.881
5 0.0067 1.0067 0.993

Observations: ¢(0) = 0.5 always. o(—z) = 1—0(z) (symmetry). For |z| > 5, the output
is practically 0 or 1. The function is steepest around z = 0.

(c) Joerg Osterrieder 2026
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Python Code: Logistic Regression with scikit-learn

from sklearn.linear_model import LogisticRegression
from sklearn.model_selection import train_test_split
import numpy as np

W N =

5 # Split data
¢ X_train, X_test, y_train, y_test = train_test_split(
7 X, y, test_size=0.2, random_state=42

8 )

10 # Fit logistic Tegresstion
11 model = LogisticRegression(max_iter=1000)
12 model.fit (X_train, y_train)

14 # Get probabilities (not just labels)
15 probabilities = model.predict_proba(X_test)[:, 1] # P(y=1)
16 labels = model.predict(X_test) # 0 or 1

18 # Inspect learned parameters
19 print (f"Intercept: {model.intercept_[0]:.3£f}")
20 print (f"Coefficients: {model.coef_[0]}")

Compute o(z) for z = —2,0,2,5. Show the full arithmetic: write out e™?, then 1+ e™%,
then the final value. Verify that o(—2) + o(2) = 1.
Solution: see Appendiz.

A credit scoring model has coefficients: 5y = —1.5, Bincome = 0.3, Bdebt = —2.1.
A customer has income = 5 (in $10k units) and debt ratio = 0.4.

(a) Compute z = By + Bincome *  + Bdebt - 0.4
(b) Compute P(default) = o(z).
(¢c) Would this customer be approved at a threshold of 0.57

Solution: see Appendiz.

Look at Figure 12. The decision boundary is a straight line.

(a) Explain why the boundary is a straight line (hint: what equation defines it?).
(b) What determines the slope of this line?

(c) What determines where the line crosses the axes?

Solution: see Appendix.

(c) Joerg Osterrieder 2026
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Compute the log loss for two scenarios:
(a) True label y = 1, predicted probability p = 0.9
(b) True label y = 1, predicted probability p = 0.01

Compute £ = —[ylogp + (1 — y) log(1 — p)] for each case. How many times larger is the
loss in case (b)?
Solution: see Appendix.

Derive the gradient of the log loss with respect to z for a single sample. Start from:

L=—[ylogo(z)+ (1 —y)log(l —o(2))]

Use the fact that o/(2) = o(2)(1 — o(2)).

Show that g—f =o(z) —y.

Why is this result remarkably simple? What does it mean: the gradient is just the error
(predicted minus actual)?

Solution: see Appendix.

Connecting Forward

predict_proba() Output

1.04

Il Correct

s Wrong

o ©
0.8 (]
[}
. .
—~ 0.6 1
— ® O
"))
S . e s P
S )
8- 0.4 0]
o ©
(]
® O
024 ® O
()

@
0.0 T T T T T T T T

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5

Sample Index

Figure 16: The predict_proba output: each sample gets a probability, which we can use for nuanced
decisions beyond simple approve/deny.

We now have a model that outputs probabilities. We know the sigmoid, the loss function, and
how to fit the model. But something is missing. If the coefficient on income is 0.7—does that
mean income increases the probability of repayment by 0.77 By 70 percentage points? By some
other amount?

The answer is none of the above. Coefficients in logistic regression live in log-odds space, not
probability space. To interpret them, you need the odds ratio. That is Section 3.

(c) Joerg Osterrieder 2026
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Key Takeaway: The sigmoid function is the bridge between a linear score and a probability—it

enables principled classification.

(c) Joerg Osterrieder 2026



3 Reading the Tea Leaves — Interpreting Coefficients and Odds
Ratios

Opening Problem: The Regulator Wants an Explanation

A banking regulator reviews your credit scoring model and asks: “Your model denied this
customer’s loan application. Why?”

The data scientist answers: “The model predicted a 23% probability of repayment.”

The regulator presses: “But why? Which factors drove the denial? By how much? If the
customer paid off one credit card, would the decision change?”

This is not a hypothetical. The EU’s Al Act and the US Equal Credit Opportunity Act
require that lenders explain automated decisions. A black-box probability is not enough.
You need to point to specific features and quantify their contribution.

Logistic regression can answer this—if you know how to read its coefficients. The coef-
ficients are not in probability space. They are in log-odds space. Converting them to a
human-readable form requires one more concept: the odds ratio.

Discovery Question

If the coefficient on income is 8 = 0.7, does that mean:

(a) A one-unit increase in income raises the probability of approval by 0.77
(b) A one-unit increase in income raises the probability by 70 percentage points?
(c) Something else entirely?

Try this: if P(approval) = 0.5, and we increase income by one unit, the new log-odds is
logit(0.5) + 0.7 = 04 0.7 = 0.7. Then P = ¢(0.7) = 0.668. The probability went up by
0.168, not 0.7.

Now try starting at P = 0.9. The log-odds is logit(0.9) = 2.197. Adding 0.7 gives 2.897,
so P =0(2.897) = 0.948. The probability went up by only 0.048.

Same coefficient. Different starting probability. Different change in probability. The
coefficient is constant in log-odds space, not in probability space. That is why we need
odds ratios.

\ J

Odds Ratios as Betting Multipliers

Think about gambling odds. If a horse has 3:1 odds of winning, that means for every 1 time it
loses, it wins 3 times. The odds are 3/1 = 3.0.

Now suppose you learn that the horse has a new jockey. The odds ratio for this jockey is 2.0.
That means the odds double: from 3:1 to 6:1. The horse is now twice as likely (in odds terms)
to win.

This is exactly how logistic regression coefficients work. Each coefficient 8; corresponds to an
odds ratio of €%. A one-unit increase in feature xj multiplies the odds by e, regardless of the
starting probability.

From Coefficients to Odds Ratios

Odds: The ratio p/(1 — p), where p is the probability of the event. If p = 0.75, the odds are 0.75/0.25 = 3,
meaning the event is three times more likely to happen than not. Odds range from 0 to +oco.

Log-odds (logit): The natural logarithm of the odds: logit(p) = log 12, This is the quantity that logistic
regression models as a linear function of features: logit(p) = x ' 8.

(c) Joerg Osterrieder 2026
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0Odds Ratios: Interpreting Logistic Regression Coefficients

Odds Ratio Concept

0DDS AND 0DDS RATIOS

PROBABILITY vs 0DDS:

Probability P = 0.75 (75% chance)
0dds = P / (1-P) = 0.75 / 0.25 = 3

"3 to 1 odds" means 3 times more likely
to happen than not happen.

0DDS RATIO (OR):

Compares odds between two groups
OR = (0dds with feature) / (0dds without feature)

OR = 2.0 means:
“The odds of success DOUBLE when the
feature increases by 1 unit"

FROM LOGISTIC COEFFICIENTS:

log(odds) = beta 0 + beta 1*x_ 1 + ...

Therefore:
0dds Ratio = exp(beta)

Example: beta = 0.693
OR = exp(0.693) = 2.0
Coefficient to Odds Ratio: OR = exp(beta), .
OR=4.48

0Odds Ratio

'
-20 -15 -1.0 -05 00 05 1.0 15 2.0
Coefficient (beta)

Figure 17: The odds ratio concept: coefficients in logistic regression are multiplicative

odds.

Odds Ratios for Market Direction

Earnings Beat OR = 1 (no effect) 3.10x

High Volatility
Above MA
Positive Sentiment 2.30x
High Volume 1.85x
0.0 05 1.0 15 20 25 30

Odds Ratio

Python Implementation

Computing 0dds Ratios in Python

import numpy as n

from sklearn.linear model import LogisticRegression
# Fit model

model = LogisticRegression()

model. fit(X_train, y_train)

# Get coefficient
coefficients = model.coef [0]
feature_names = X_train.columns.

# Calculate odds ratios
odds_ratios = np.exp(coefficients)

# Display results
re

atu Coef  OR Interpretation”)

* 60)
name, coef, or_ in zip(feature names, coefficients, odds_ratios):

>1:
interp = f*+{(or_-1)*100:.0f}% odds"
else:
interp = f*-{(1-or )*100:.0f}% odds"
print(f*{name:20} {coef:+.3f} f{or_:.2f}x {interp}*)

# Exanple output:

# Feature Coef  OR Interpretation
e NN S MU o i NN
# volune 40.616 1.85x  +85% odds

# sentiment +0.833 2.30x  +130% odds

# above ma +0.372 1.45x  +45% odds

# volatility -0.431 0.65x  -35% odds

# earnings_beat +1.131 3.10x  +210% odds

(c) Joerg Osterrieder 2026
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Odds ratio (OR): The factor € by which the odds change for a one-unit increase in feature z;. An OR > 1
means the odds increase; an OR < 1 means the odds decrease; an OR = 1 means the feature has no effect.

The logistic regression model says:

log = Bo + Brz1 + Baza + - - + Bypzp

1-p
Increasing z; by one unit adds ; to the log-odds. Exponentiating both sides:

Pnew _ G’Bj ) DPold
1 — Pnew 1 — pola

So the odds ratio for feature j is OR; = ePi.
Interpretation guide:

e ;>0 = OR; > 1: feature increases the odds of class 1
o $; <0 = OR; < 1: feature decreases the odds of class 1
e ;=0 = OR; = 1: feature has no effect

e |3;] large = strong effect (but check the feature’s scale!)

Odds Ratios for Market Direction
1

3.10x

Earnings Beat

High Volatility

Above MA

Positive Sentiment

High Volume
== OR =1 (no effect)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Odds Ratio

Figure 18: Odds ratios for a credit scoring model. Values above 1 increase default risk; values below 1
decrease it.

Regularization: Keeping Coefficients Honest

When features are correlated or when the model has many features relative to the number of
samples, coefficients can blow up to extreme values. Regularization adds a penalty to the loss
function that keeps coefficients small.

(c) Joerg Osterrieder 2026
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Coefficient to Odds Ratio: OR = exp(beta) betaets
. eta=1.
OR=4.48

Odds Ratio
w

N
L

-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 15 2.0
Coefficient (beta)

Figure 19: From raw coefficients to odds ratios: the exponential transformation.

1

- Z yilogp; + (1 —y;) log(1 — pz)] + % - R(B)

3

where C' is the regularization strength (confusingly, higher C' means less regularization in
scikit-learn) and R is either:

e L2 (Ridge): R = 3||B[3 = ;87 — shrinks all coefficients toward zero

e L1 (Lasso): R = ||B[|1 = >_; |B;j| — drives some coefficients to exactly zero (feature
selection)

Historical Background: David Cox and the General Logistic Model (1958)

David Cox published the paper that made logistic regression a general-purpose statis-
tical tool for binary outcomes. Before Cox, researchers primarily used probit analysis
(based on the normal CDF'). Cox showed that logistic regression was mathematically more
convenient—the log-odds are linear in the features—and more interpretable: coefficients
map directly to odds ratios.

Cox’s framework became the standard in medicine (clinical trials), social science (sur-
vey analysis), and eventually finance (credit scoring, default prediction). The simplicity
of the odds ratio interpretation is the main reason logistic regression remains the first-
choice model for binary classification when interpretability matters, even in an era of deep
learning.

(c) Joerg Osterrieder 2026



25

Regularization in Logistic Regression

Coefficient Values vs C (Inverse Regularization) LlvsL2R larization

— Momentum

— Volume

0.5 1 — Volatility

— Rsl

~—— sentiment on
k.

Weak regularization L1 vs L2 REGULARIZATION

(full coefficients)

L2 (Ridge) - penalty='12"

0.0
Loss = BCE + lambda * sum(beta”2)

Coefficient Value

=0.51 - Shrinks all coefficients

y T r r - No coefficient becomes exactly 0
— - -1 1
10 o= 10 e 10 107 - Handles multicollinearity
C (higher = less regularization) - Default in sklearn

L1 (Lasso) - penalty='11'

Loss = BCE + lambda * sum(|beta])

- Some coefficients become exactly 0
- Automatic feature selection!

- Sparse models

- Needs solver='liblinear' or 'saga'

ElasticNet - penalty='elasticnet'

- Mix of L1 and L2
- 11_ratio parameter (0 to 1)
- Needs solver='saga'

Accuracy vs Regularization Strength SKLEARN C PAR E&Earn Implementation|

Regularization in sklearn LogisticRegression

—e— Train Accuracy
0.80 1 —=— Test Accuracy
% Optimal C=16.24

from sklearn.linear model import LogisticRegression
from sklearn.model selection import GridSearchCV
# L2 (Ridge) Regularization
model ‘12 = LogisticRegression(
penalty="12",

C=1.0, # Try: 0.01, 6.1, 1, 10, 100
Overfi®ting solver="1bfgs"
)

Accuracy

Underfitting

0.70

# L1 (Lasso) Regularization

i T T T T nodel 11 = LogisticRegression(

1073 102 107! 10° 10! 10? penalty="11",

C (inverse regularization) solver='liblinear' # Required for L1
)

# ElasticNet Regularization
model_elastic = LogisticRegression(
penalty='elasticnet",
c-1.6

11 ratio=.5, # Mix of L1/L2 (0=L2, 1=L1)
solver='saga’  # Required for Elastichet
)

# Find optimal C with cross-validation
param_grid = {'C': [0.001, 0.61, 0.1, 1, 10, 100]}
grid_search = GridSearchCV(

LogisticRegression(penalty="12"),

paran_gri

o

=5,
scoring="accuracy’
grid_search.fit(X train, y train)

print(f*Best C: {grid_search.best_params_['C']}")
print(f"Best CV Score: {grid_search.best score_:.4f}")

Figure 20: Effect of regularization on the decision boundary. Stronger regularization (smaller C') pro-
duces smoother boundaries.

Coefficient Values vs C (Inverse Regularization)

= Momentum
= Volume
087 — volatility
= RSI
064 Sentiment
’ Weak regularization
(full coefficients)
o 0.4
=
©
> 0.2
- .
c
@ Strong regularization
=) 0.0 (coefficients shrunk)
= .
(]
S
_0.2 4
_0.4 4
_0.6 4

1073 102 107! 10° 10! 102
C (higher = less regularization)

Figure 21: The C parameter controls the trade-off: small C' = heavy regularization (simpler model);
large C' = light regularization (flexible model).

(c) Joerg Osterrieder 2026
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Common Misconception: “A large coefficient means the feature is important”

A coefficient of 100 on a feature measured in millions (e.g., revenue in dollars) has a tiny
practical effect. A coefficient of 0.5 on a feature measured in standard deviations has a
large effect. Always consider the feature’s scale. To compare importance across features,
standardize them first (subtract mean, divide by standard deviation) and then compare
coefficients.

Common Misconception: “An odds ratio of 2.0 means twice the probability”

No. It means twice the odds. If p = 0.1, the odds are 0.1/0.9 ~ 0.111. Doubling the
odds gives 0.222, so the new probability is 0.222/(1 4 0.222) ~ 0.182. The probability
went from 0.1 to 0.18—mnot from 0.1 to 0.2. The relationship between odds ratios and
probability changes is nonlinear.

Common Misconception: “Regularization always improves the model”

Strong regularization (small C') can underfit by shrinking informative coefficients toward
zero. If the true relationship is strong and the data is plentiful, regularization can hurt.
The optimal C' should be selected via cross-validation, not assumed.

Beyond Binary: Multiclass Classification

What if the target has more than two categories? For example, classifying a stock into one of
three sectors: Technology, Finance, Healthcare.

Softmax function: The generalization of the sigmoid to K classes. For class k: pr, = All probabilities

e’k
=K %z -
ZJK:1 e”J

sum to 1. When K = 2, softmax reduces to the sigmoid.

ek

Zngl e%
Each class k has its own coefficient vector 3,. The softmax normalizes the raw scores so
they form a proper probability distribution.

Ply=k|x)= R

(c) Joerg Osterrieder 2026
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Multiclass Classification with Logistic Regression

Multiclass Strategies

Predict: Choose class with highest probability

sklearn: multi_class='ovr'

2. MULTINOMIAL (Softmax)

Single model with K outputs
Uses softmax function:

P(y=k) = exp(z_k) / sum(exp(z_j))
All probabilities sum to 1

sklearn: multi_class='multinomial’

3. ONE-VS-ONE (OvO)

Train K*(K-1)/2 binary classifiers

Pu%%ﬂrlﬁommﬁmﬁﬁwmmiﬁ Pred: Beari

El Bearish
Il Neutral
[ Bullish

Sample 1

Sample 2 Sample 3 Sample 4

Sample 5

3-Class Problem: Market Regime

10
.
MULTICLASS STRATEGIES E s .... on // i . .
1. ONE-VS-REST (OVR) / One-vs-All S ®e o & ® o
"""""""""""""""""" § 6 f' o® ) 8 -8 > % ga}e
For K classes, train K binary classifiers et g s o!o ,0/0 ) 8, ©
4 ° °
Classifier 1: Class 0 vs (1, 2, 3) g ° Bearlsh
Classifier 2: Class 1 vs (0, 2, 3) ® 2 e Neutral —-—
Classifier 3: Class 2 vs (0, 1, 3) i o Bullish Se———
Classifier 4: Class 3 vs (0, 1, 2) o
‘ 2 4 6 8 10

Feature 1 (Momentum)

sklearn Implementation

Multiclass Logistic Regression in sklearn

from sklearn.linear_model import LogisticRegression
# Classes: O=Bearish, l=Neutral, 2=Bullish

# Method 1: One-vs-Rest (default for binary solvers)
model_o isticRegression
it #
Solvere! Liblinear’

One-vs-
# Works wieh ovR

model_ovr.fit(X _train, y_train)

# Method 2: Multinonial (Softmax)

model_multi = LogisticRegression(
multi_class='multinomial’, # Softmax
solver="1bfgs"

# Required for multinomial
model_multi.fit(X train, y train)

# Get probabilities (suns to 1 for each sample)
probs = model multi.predict proba(X test)
print(probs(0]) # [0.15, 0.75, 0.10] -> Neutral

# Coefficients shape: (n_classes, n_features)
print(model_multi.coef_.shape) # (3, 5) for 3 classes, 5 features,

# Each row is coefficients for one class
for i, class_name in enumerate(['Bearish', ‘Neutral', 'Bullish']):
print(f*{class_name}: {model multi.coef [i]}")

Figure 22: Multiclass logistic regression: the decision boundary consists of multiple lines separating

Feature 2 (Volatility)

three or more classes.

3-Class Problem: Market Regime

104

7
// @ Bearish
e e Neutral
s o Bullish

Figure 23: Three-class scatter plot with decision regions.

class.

Feature 1 (Momentum)

(c) Joerg Osterrieder 2026
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Figure 24: Softmax probabilities for each sample. The three probabilities always sum to 1.

Multiclass Classification: Predicting Stock Sector

Sectors
Tech Tech Fina Fina Heal Heal Ener
(85%) (78%) (88%) (82%) (82%) (76%) (83%) :?Chmlogy
1.01 mmm Finance
. e = ticatncre
- mm Energy
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>
=
S
©
Qo
2 0.6
o
X
@©
£
5
@A 0.4
Softmax ensures
all probabilities
sum to 1.0
0.2
0.0-

BAC JNJ
Stock Ticker

Figure 25: Finance application: classifying stocks into sectors using financial features.

(c) Joerg Osterrieder 2026
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Accuracy vs Regularization Strength

0.850 { == Train Accuracy
—=— Test Accuracy

0.825 | ¥ Optimal C=16.24
0.800 -

9

& 0.775 1

=}

(S}

(9]

<€ 0.750
0.725 1 Underfitting Overfitting
0.700
0.675

10-3 10-2 10-1 100 10t 102
C (inverse regularization)

Figure 26: Training vs. test accuracy as regularization strength varies. The gap between them indicates
overfitting.

Distribution of P(Class 1) by True Class

I True Class O
3 True Class 1
== Decision Threshold

254

Count

0.0 0.2 0.4 0.6 0.8 1.0
Predicted Probability P(Class 1)

Figure 27: Distribution of predicted probabilities for the two classes. Well-separated distributions indi-
cate a confident model.

(c) Joerg Osterrieder 2026



A bank’s logistic regression model for loan default has the following coefficients:

Feature Coeff. (3) OR (¢?) Interpretation

Intercept —2.30 — Baseline log-odds

Income ($10k) —0.18 0.835 Each $10k reduces odds by 16.5%

Debt-to-income 1.95 7.03 Each 1.0 increase multiplies odds by
7

Credit score (100s) —0.45 0.638 Each 100 pts reduces odds by 36%

Years employed —0.12 0.887 Each year reduces odds by 11.3%

Late payments 0.73 2.075 Each late payment doubles odds

Strongest predictor: Debt-to-income ratio (OR = 7.03). A one-unit increase in debt-
to-income (e.g., from 0.3 to 1.3) multiplies the odds of default by 7.

Weakest predictor: Years employed (OR = 0.887). Each additional year reduces default
odds by about 11%.

Negative coefficients (income, credit score, years employed) reduce default odds—they
are protective factors. Positive coefficients (debt-to-income, late payments) increase
default risk.

Convert 5 = 0.5 to an odds ratio. Complete the sentence: “For each one-unit increase in
X, the odds of default are multiplied by 7
Solution: see Appendix.

A credit scoring model produces these odds ratios: income (OR = 0.85), debt-to-income

(OR = 3.2), years employed (OR = 0.70).
(a) Which feature most strongly predicts default?
(b) How do you interpret OR = 0.85 for income?

(c) If a customer’s debt-to-income increases from 0.3 to 0.5 (a 0.2-unit change), by what
factor do the odds of default change? (Hint: OR%2.)

Solution: see Appendiz.

Explain how changing the C' parameter from 0.01 to 100 affects:
(a) The magnitude of the coefficients
(b) The complexity of the decision boundary
(c) The risk of overfitting

Use the terms “regularization strength” and “bias-variance tradeoft.”
Solution: see Appendix.

(c) Joerg Osterrieder 2026
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A multiclass model outputs softmax probabilities: [0.15,0.72,0.13] for classes [Technology,
Finance, Healthcare].

a) What is the predicted class?

(a)

(b) What is the model’s confidence (as measured by the winning probability)?

(¢) The probabilities sum to 1.00. Is this always the case with softmax? Why?
)

(d) If the probabilities were [0.34,0.35,0.31], would you trust this prediction?

Solution: see Appendix.

Compare L1 (Lasso) and L2 (Ridge) regularization for logistic regression.

(a) What does L1 do to small coefficients that L2 does not?

(b) Under what conditions does L1 produce a sparse model (many coefficients exactly
zero)?

(c) A financial regulator requires that you explain your model using at most 5 features.
Which regularization do you use? Why?

(d) In scikit-learn, how do you switch between L1 and 127 (Hint: the penalty param-
eter.)

Solution: see Appendix.

Connecting Forward

Logistic regression draws a straight line through feature space. Powerful, interpretable, and fast.
But what if the real boundary between classes is not a straight line? What if customers with
both very low and very high income default (the former cannot pay, the latter take excessive
risks), while middle-income customers are safe? A straight line cannot capture this U-shaped
relationship.

A decision tree draws something very different: axis-aligned rectangles. It asks a series of
yes/no questions, splitting the data into increasingly pure groups. The resulting boundaries are
jagged but can capture complex, nonlinear patterns. That is Section 4.

Key Takeaway: Coeflicients are log-odds: exponentiate to get odds ratios, the universal lan-

guage for explaining logistic regression predictions.

(c) Joerg Osterrieder 2026
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4 Twenty Questions — Decision Trees and Splitting Criteria

Opening Problem: The Loan Officer’s Mental Flowchart

A credit officer at a small bank does not use a formula. He uses a mental flowchart:

1. Is the applicant’s income above €50 0007 If no, go to step 4.
2. Is their employment stable (more than 3 years)? If yes, approve.
3. Check credit score. If above 700, approve. Otherwise, deny.

4. Is the loan amount below €10 0007 If yes, check credit history length. ..

This is a decision tree. The officer just does not call it that. He has learned it from years
of experience—which applications ended well, which ended badly.

The question: can a machine learn a better tree from thousands of past decisions? One
that is consistent, quantified, and free from the officer’s biases and blind spots? And how
does the machine decide which question to ask first?

Discovery Question

You have 100 loan applications: 50 were approved and repaid, 50 defaulted. You are
allowed to ask one yes/no question about the data to split the group.
You could ask: “Is income above $50k?” Suppose this produces two groups:

e Left group (income < $50k): 40 defaults, 10 repaid
e Right group (income > $50k): 10 defaults, 40 repaid
Or you could ask: “Is the applicant’s name longer than 5 letters?” This gives:
o Left group: 25 defaults, 27 repaid
e Right group: 25 defaults, 23 repaid

The income question creates two groups that are mostly one class each. The name question
creates two groups that are still mixed. The income split is “better.” But how do we
measure “better” mathematically? That is what Gini impurity and information gain do.

\ 7

The 20 Questions Game

You know the parlor game “20 Questions” one person thinks of something, the other asks up
to 20 yes/no questions. The key strategy is to ask questions that eliminate half the remaining
possibilities. “Is it alive?” is a great first question. “Is it a Labrador retriever?” is a terrible one
(too specific too early).

A decision tree does the same thing, but with data. Each question (called a split) divides the
dataset into two groups. The best question is the one that creates the purest groups—where
each group is dominated by one class.

Key Definitions
Decision tree: A model that recursively partitions the feature space using binary yes/no splits on individual

features. Internal nodes contain splitting conditions; leaf nodes contain class predictions. The model can be
read as a set of if-then-else rules.

(c) Joerg Osterrieder 2026
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Decision Trees: Recursive Binary Partitioning

80
Default (Class 1) | o® ° Trees ask
o4 ® OC Yes/No
® No Default (Class 0) 1 | ° ° questions
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Figure 28: Decision tree intuition:

Annual Income (K)

each internal node asks a question; each leaf gives a prediction.

Finding the Optimal Split: Minimize Impurity

= \Neighted Gini Impurity
Y& Optimal Split (t=4.9)

1
i
1
0.5 1 : A — n ! L Vi

Weighted Gini = +G, +7’*GR] i
v 1
1
1
i
1
_4? 0.4 ]
5 Algorithm evaluates :
=3 all possible thresholds 1
E |
— 1
£ !
® 0.3 ;
el 1
[} 1
- 1

g Minimum

S Imp?rlty

= 0.2+
0.14
0 2 4 6 8 10

Split Threshold (Feature Value)

Figure 29: The splitting process: the algorithm evaluates every possible split on every feature and picks
the one that maximizes purity.
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Decision Tree Structure

/\

N T
= m =

Figure 30: A complete decision tree for a classification problem. Follow the branches from root to leaf
to get a prediction.

Node: A point in the tree. The root node contains all training data. Internal nodes split data according to a
condition. Leaf nodes produce a final prediction (the majority class in that leaf).

Depth: The number of edges from the root to the deepest leaf. A depth-0 tree has only a root (no splits). A
depth-3 tree has at most 2° = 8 leaves.

Measuring Purity: Gini and Entropy

A node is “pure” if it contains only one class. A node is “impure” if classes are mixed. We need

a number that quantifies impurity. Two measures dominate:
Gini impurity: G(p) = 2p(1—p) for binary classification, where p is the proportion of the positive class. G =0
means the node is pure (all one class). G = 0.5 means maximum impurity (50/50 split). More generally for K

classes: G =1 — Zszl Pi-

Entropy: H(p) = —plogyp — (1 — p)log,(1 — p) for binary classification. H = 0 means pure. H = 1 means

maximum uncertainty. More generally: H = — Ei;l Dk log, pi.
For a node with class proportions p1,po, ..., pxk:
K
G=1-Y pi
k=1

Binary case (K = 2): Let p be the fraction of class 1. Then G = 2p(1 — p).

e Purenode (p=0orp=1): G=0
e Maximum impurity (p = 0.5): G =0.5

e Intuition: G measures the probability that a randomly chosen sample would be
misclassified if labeled randomly according to the node’s class distribution.

(c) Joerg Osterrieder 2026
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Entropy of a node:
K

H=- pglog,px
k=1

Information gain from a split:

Uz

IG = H(parent) — Z

child ¢ |"parent

- H(child,)

where n. is the number of samples in child ¢. The split that maximizes IG is chosen.
This is exactly the “best question” in the 20 Questions analogy: the one that reduces
uncertainty the most.

Gini Impurity: Measure of Node Purity

1
i —— Gini = 2p(1-p)
0.5 1 ' ® Max impurity at p=0.5
H @® Purenodesatp=0orl
1
:
0.4 !
1
:
1
z :
5 031 :
Qo 1
£ :
= !
002 i
:
1
:
1
0.1 !
:
1
i
0.0 i

0.0 0.2 0.4 06 08 1.0
Proportion of Class 1 (p)

Figure 31: Gini impurity as a function of p. Maximum at p = 0.5; zero at p =0 and p = 1.

Historical Background: Quinlan, Breiman, and the Birth of Tree Algorithms

J. Ross Quinlan published the ID3 algorithm in 1986—the first practical decision tree
algorithm that used information gain to select splits. He improved it to C4.5 in 1993,
adding support for continuous features, missing values, and pruning.

Meanwhile, Leo Breiman and colleagues published the CART (Classification and Regres-
sion Trees) algorithm in 1984, using Gini impurity instead of entropy. CART introduced
cost-complexity pruning and handled both classification and regression.

The two lineages—Quinlan’s entropy-based approach and Breiman’s Gini-based
approach—converge in modern implementations. Scikit-learn’s DecisionTreeClassifier
supports both criteria via the criterion parameter. Breiman went on to invent the ran-
dom forest (1996,/2001), which builds on CART. We cover that in Section 5.

(c) Joerg Osterrieder 2026
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Entropy: Information-Based Impurity
1

1.0

0.8 1

0.6 1

Entropy (bits)

0.24

== Entropy = -p*log(p) - (1-p)*log(1-p)
0.0 ® Max entropy at p=0.5
1
0.0 0.2 0.4 0.6 0.8 1.0
Proportion of Class 1 (p)

Figure 32: Entropy as a function of p. Same shape as Gini but with a peak of 1.0 instead of 0.5.

Parent Node

100 samples: 50 Default, 50 No Default

I =10

plit on
Income > 50K

Left Child (No) Right Child (Yes)
40 samples: 35 Default, 5 No 60 samples: 15 Default, 45 No
I =05 I =051

Information Gain Calculation

IG = H(parent) - weighted avg H(children)

IG=1.0-(0.4x0.54 + 0.6 x 0.81) = 0.30

I Default I No Default

Figure 33: Information gain: the reduction in entropy achieved by a split. Higher is better.
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Gini vs Entropy: Both Maximize at p=0.5, Minimize at Pure Nodes

= Gini: 2p(1 —p)
1.0 === Entropy: —plog; (p) — (1 = p)logz (1 —p)
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Figure 34: Gini vs. entropy: both peak at p = 0.5 and agree on most splits. In practice, the choice
rarely matters.

Common Misconception: “Deeper trees are always better”

A deep tree memorizes the training data, including its noise. A depth-20 tree on 100 train-
ing samples will have nearly one leaf per sample—perfect training accuracy but terrible
generalization. This is classic overfitting. The bias-variance tradeoff applies: shallow trees
have high bias (underfitting); deep trees have high variance (overfitting). The sweet spot
is in between.

Common Misconception: “Gini and entropy always give different splits”

They agree about 95% of the time. Both are concave functions of class proportions
that peak at the uniform distribution. The few cases where they disagree are typically
marginal—where multiple candidate splits are nearly equivalent. Do not waste time ago-
nizing over this choice.

| r

Common Misconception: “Decision trees can learn any function”

Technically, a sufficiently deep tree can approximate any decision boundary on the training
set. But “approximate on the training set” is not “learn.” A tree that perfectly fits
noisy training data has memorized, not learned. On new data it will fail. Trees need
regularization (max depth, min samples per leaf) to generalize.

| r

Common Misconception: “ITrees handle continuous features naturally”

Trees discretize continuous features into binary splits: “Is income > $50k?” This is pow-
erful (it handles nonlinearity) but crude (it ignores the ordering within each bin). The
split threshold is chosen greedily—the tree considers every unique value of every feature
and picks the best one. With 1000 samples and 10 features, that is potentially 10,000
candidate splits per node.

(c) Joerg Osterrieder 2026
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What Decision Boundaries Look Like

Logistic regression produces straight-line boundaries. Decision trees produce axis-aligned rect-
angles. Figure 35 shows the difference.

Decision Trees Create Axis-Aligned Boundaries
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Figure 35: Decision tree boundaries are axis-aligned: each split is parallel to one axis. This creates
rectangular regions.

Trees can also solve problems that linear models cannot. The XOR problem (Figure 36) has

two classes arranged in a checkerboard pattern. No single straight line can separate them. A
depth-2 tree handles it easily with two splits.

(c) Joerg Osterrieder 2026
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The XOR Problem: Why We Need Non-Linear Models
1.2

1.0 1
(0,1)

No single line can
separate the classes

0.8 1

0.6 1

0.4

Feature 2
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(0,0) » Class 0 (1.0) - Class 1
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Class 1

= Linear boundary (fails)
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Figure 36: The XOR problem: no linear boundary works, but a decision tree solves it with two splits.

Decision Trees in sklearn

Basic sklearn Usage Key Parameters

BASIC DECISION TREE USAGE KEY PARAMETERS

from sklearn.tree import DecisionTreeClassifier
from sklearn.model_selection import train_test_split

# For classification
clf = DecisionTreeClassifier(
random_state=42

# Split data

X_train, X_test, y train, y test = train_test_split(
X, y, test_size=e.2, random state=42

)

# Fit the model
CUf. fit(X_train, y_train)

# Predict
y_pred = clf.predict(X_test)

# Probability predictions
y_prob = clf.predict_proba(X_test)

# Evaluate
from sklearn.metrics import accuracy_score
accuracy = accuracy_score(y_test, y_pred)

For Regression

from sklearn.tree import DecisionTreeRegressor
reg = DecisionTreeRegressor (randon_state=42)

reg.fit(X_train, y train
y_pred = reg.predict(X_test)

———Effect-of max_depth-on Performance

DecisionTreeClassifier(
criterion="gini",
max_depth=None,
min_samples_split=2,
min_samples_leaf=1,
max_feature
randon_sta
class_veig

)
CONTROLLING COMPLEXITY

Grow until pure
- 3.1

simpler tr
10, 20

Higher = simpler tree
- Try: 1,5, 10

ne: all feature
‘sqrt': sqrt(n_features)
10g2': log2(n_features)

- int: exact nunber

max_depth: Limit tree depth (most important!)
- Non

ood starting range

min_samples_split: Min samples to consider split
- Higher ee

min_samples_leaf: Min samples in final leaf

max_features: Features to consider per split
- Nor s

# 'gini’ or 'entropy'
# Maximum tree depth
# Min samples to split
# Min samples in leaf
# Features per split
# Reproducibility

# Handle inbalance

Model Attributes

1.0 e— Train Accuracy USEFUL MODEL ATTRIBUTES
—m— Test Accuracy After fitting
i clf.tree # Tree structure object
0.9 % Optimal Depth Clf.feature importances  # Feature importance scores.
clf.n features in # Number of features
clf.n_classes # Number of classes
clf.classes # Class labels
> CUf .max_depth # Maxinun depth reached
9
3038 Tree inspection:
] clf.tree_.node_count # Nunber of nodes
O Clf.tree .max_depth # Actual max depth used
< clf.tree_.feature # Feature used at each node;
0.7 clf.tree .threshold # Threshold at each node
- Clf.tree_.n_node samples # Samples at each node
Visualization
from sklearn.tree inport plot_tree, export text
0.6 ; # Visual plot
Underfitting plot_tree(clf, feature names=['fl','f2'],
ass_names=['Down", 'Up'], filled=True)
# Text representation
1 2 3 4 5 8 10 15 20 None print (export_text(clf, feature names=['f1','f2'1))

6 7
max_depth

Figure 37: A decision tree trained with scikit-learn on a two-feature dataset.
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Effect of max_depth on Performance
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Figure 38: Effect of max_depth on the decision boundary. Shallow trees underfit; deep trees overfit.

Hyperparameter Tuning: min_samples_leaf Controls Leaf Size

1.00 -
0.95 A Key Hyperparameters:
- max_depth: tree height
- min_samples_split: split threshold
- min_samples_leaf: leaf size
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Figure 39: Hyperparameter effects: max_depth, min_samples_split, and min_samples_leaf all con-
trol tree complexity.
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Tree Structure (Depth=2)

] ]

Figure 40: Tree structure visualization: each node shows the split condition, Gini impurity, sample
count, and class distribution.

Decision Regions (2D)
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0 20 40 60 80 100
RSI

Figure 41: The decision surface produced by the tree. Each rectangular region corresponds to one leaf
node.
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The Danger of Depth

Visualizing Tree Structure

Consider 6 loan applications:

ID Income ($k) Credit Score Default?

1 35 620 Yes
2 80 750 No
3 45 580 Yes
4 70 700 No
) 30 640 Yes
6 90 720 No

Step 1: Compute parent Gini. 3 defaults out of 6: p=3/6 = 0.5. G = 2(0.5)(0.5) =
0.5.
Step 2: Try splitting on Income < 50.

o Left (<50): IDs 1, 3, 5 — 3 defaults, 0 non-defaults. G, = 2(1)(0) = 0.
e Right (> 50): IDs 2, 4, 6 — 0 defaults, 3 non-defaults. G = 2(0)(1) = 0.
e Weighted Gini: (3/6)(0) + (3/6)(0) = 0.
e Information gain: 0.5 — 0 = 0.5. Perfect split!
Step 3: Try splitting on Credit Score < 650.
o Left (<650): IDs 1, 3, 5 — 3 defaults, 0 non-defaults. G, = 0.
e Right (> 650): IDs 2, 4, 6 — 0 defaults, 3 non-defaults. G = 0.
e Information gain: 0.5 — 0 = 0.5. Also perfect!

Both splits achieve maximum gain. The algorithm picks one (e.g., the first encountered).
This toy example separates cleanly—real data rarely does.

(c) Joerg Osterrieder 2026
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Python Code: Decision Tree with scikit-learn

1 from sklearn.tree import DecisionTreeClassifier, export_text
2 from sklearn.model_selection import train_test_split
3

4 # Train a decision tree

5 tree = DecisionTreeClassifier (

6 max_depth=4, # Limit depth to prevent overfitting
7 min_samples_leaf=5, # At least 5 samples per leaf

8 random_state=42

9 )

10 tree.fit(X_train, y_train)

11

12 # Evaluate

13 print (f"Training accuracy: {tree.score(X_train, y_train):.3f}")
4 print (f"Test accuracy: {tree.score(X_test, y_test):.3f}")

—

16 # Print the tree rules
7 print (export_text (tree, feature_names=feature_names))

jun

Using the 6-row dataset from the worked example, draw a depth-1 tree that splits on
Income < 50. Label each leaf with “Default” or “No Default” based on the majority class.
How many samples are correctly classified?

Solution: see Appendiz.

Compute the Gini impurity for a node containing 30 positive samples and 70 negative
samples.

(a) What is p (the proportion of positives)?
(b) Compute G = 2p(1 — p).
(c) Is this node “pure”” How does this Gini compare to the maximum possible value?

Solution: see Appendiz.

(c) Joerg Osterrieder 2026
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A parent node has 100 samples: 60 positive, 40 negative. A candidate split produces:
o Left child: 40 samples (35 positive, 5 negative)

e Right child: 60 samples (25 positive, 35 negative)

a) Compute Gparent-

(
(b) Compute Giefy and Ghight -

)
)
(c) Compute the weighted average Gini after the split: Ggplit = f—ODOGL + %GR.
(d) What is the Gini gain (reduction in impurity)?

(e) Is this a “good” split? Why or why not?

Solution: see Appendix.

You train two trees on the same dataset:
e Tree A: max_depth=2. Training accuracy: 72%. Test accuracy: 70%.
e Tree B: max_depth=20. Training accuracy: 99%. Test accuracy: 55%.
(a) Which tree is overfitting? How can you tell?
(b) Which tree would you deploy in production?

(¢) What hyperparameters could you tune to find a better tree between A and B?

Solution: see Appendix.

Decision tree boundaries are always axis-aligned (parallel to the coordinate axes).

(a) Explain why this is the case. (Hint: each split tests a single feature against a
threshold.)

(b) Draw a 2D dataset where the true boundary is a diagonal line (zg2 = x1). Show that
a decision tree needs many splits to approximate it, creating a “staircase” pattern.

(c) Which classifier from Section 2 would handle a diagonal boundary with a single line?
Why?

(d) Can you think of a way to let a tree capture diagonal boundaries? (Hint: feature
engineering. )

Solution: see Appendiz.

(c) Joerg Osterrieder 2026
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Connecting Forward

A single decision tree is fast, interpretable, and requires no feature scaling. But it is fragile.
Change a few training points and the tree can look completely different. The splits are greedy—
each node picks the locally best question without considering what comes next.

What if we grew hundreds of trees, each on a slightly different random sample of the data,
and let them vote? The individual trees are still noisy, but their average is stable. That is the
random forest, and it is one of the most successful machine learning algorithms ever invented. It
is the topic of Section 5.

Key Takeaway: A decision tree is an automated flowchart that finds the most informative

questions to ask—but a single tree is rarely enough.

(c) Joerg Osterrieder 2026
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5 The Forest for the Trees — Ensembles, Random Forests, and
Overfitting

Opening Problem

The credit model from Section 4 worked well in Q1 2024. Recall the tree that split first
on debt-to-income ratio, then on employment length. The bank was satisfied.

Then Q2 arrived. Five hundred new applications came in. The team retrained the tree
on the combined dataset. The result: the tree changed completely. Different features at
the root. Different split points. Different predictions for the same applicant profiles that
had been correctly classified last quarter.

The risk manager called an emergency meeting: “We trusted this model. We explained it
to regulators. Now one quarter of new data has rewritten everything. How can we rely on
something this fragile?”

This is the wariance problem of single decision trees. Small changes in training data
produce wildly different models. The tree from Section 4 was not wrong—it was unstable.

| r

Discovery Question

Why does asking 100 weak experts and averaging their opinions beat asking one strong
expert? Intuitively, the strong expert should know more—so why does the crowd win?

5.1 The Wisdom of Crowds

There is a famous experiment. Put a jar of jellybeans on a table. Ask 100 people to guess the
count. Each individual guess is wildly off—some guess 200, others 900, the true count is 547.
But the average of all 100 guesses? Remarkably close to 547. Almost always within 5%.

This is not magic. Each person brings different biases. Some overcount. Some undercount.
When you average, the biases cancel. What remains is signal.

Decision trees have the same problem as individual jellybean guessers: high variance. Depend-
ing on which training samples they see, they produce very different models. But if you grow
many trees—each seeing a slightly different version of the data—and average their predictions,
the variance cancels. The signal remains.

Before we formalize this, look at what variance does to a single tree.

Three specific examples make the problem concrete. A shallow tree (Figure 43) misses obvious
patterns—it underfits. A well-tuned tree (Figure 44) captures real structure without memorizing
noise. A deep tree (Figure 45) draws absurdly complex boundaries that fit every training point,
including the noisy ones.

The gap between the good tree and the deep tree is exactly the variance problem. Different
training samples push a single tree toward different jagged boundaries. An ensemble smooths
this out.

5.2 Bagging and Random Forests

Bagging: Bootstrap Aggregating—train multiple models on random subsets of the data (drawn with replace-
ment), then average their predictions. Proposed by Leo Breiman in 1996.

Random forest: An ensemble of decision trees, each trained on a bootstrap sample with a random subset of
features considered at each split. The double randomization (random samples and random features) ensures the
trees are diverse.

Out-of-bag (OOB) error: Error estimated on samples not included in a tree’s bootstrap sample. Each
bootstrap draw leaves out roughly 37% of the data. These leftover samples provide a free validation set—no
separate holdout needed.

(c) Joerg Osterrieder 2026
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Overfitting in Decision Trees

max_depth=1 (Underfitting)
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;;asltr:]“}]é?’/gﬁ S °© PREVENTING OVERFITTING IN DECISION TREES

Preventing Overfitting

1. LIMIT TREE DEPTH (max_depth)
- Most effective method
- Start with max_depth=3-5
- Use cross-validation to tune

Feature 2

2. MINIMUM SAMPLES TO SPLIT (min_samples_split)
- Requires at least N samples to make a split
- Default: 2 (will split any node)

Feature 1 - Try: 5, 10, 20, 50

3. MINIMUM SAMPLES IN LEAF (min_samples_leaf)
- Every leaf must have at least N samples
- Prevents single-sample leaves
- Try: 1, 5, 10, 20

4. MAXIMUM LEAF NODES (max_leaf nodes)
- Limits total number of leaves
- Alternative to max_depth

5. PRUNING (built into sklearn)
- ccp_alpha: Cost-complexity pruning
- Higher value = more pruning
- Use cross-validation to find optimal

6. USE RANDOM FOREST
- Ensemble of trees with bagging
- Much more robust to overfitting
- Best practice for production

RULE OF THUMB:
Single tree: Good for interpretability
Random Forest: Good for accuracy

Figure 42: The overfitting spectrum: a single decision tree ranges from underfitting (too simple) to
overfitting (too complex). The sweet spot is narrow and data-dependent.
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Figure 43: Underfitting: a shallow tree with max depth=1 captures only the coarsest pattern and
misses everything else.
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max_depth=4 (Good Fit)
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Feature 2
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Figure 44: Good fit: a tree with moderate depth captures the real decision boundary without chasing
noise.

max_depth=None (Overfitting)
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Figure 45: Overfitting: a deep tree memorizes training noise. The boundary is jagged, unstable, and
will not generalize.
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For a classification task with B trees, the bagged prediction for input x is the majority
vote:

Joag(x) = mode{g1(x), §2(x), ..., Ir(x)}

For probability estimates, average the individual tree probabilities:

B

Prag(x) = 3 > pn(x)

b=1

At each split, a random forest considers only m features out of p total. The default for
classification:

m= vl

This forces trees to use different features at their roots, making them less correlated. Less
correlation means more variance reduction when averaging.

Bagging: Bootstrap Aggregating

Original Data Why it works:
Each tree sees
different data
-> Reduces
variance

oN @
® © ©o
® & ©o
® & o

- \r——’ > A
Bootstrap 1 ———Bootstrap 2 |

Sample with Sample with
replacement replacement

ootstrap 3

Sample with
replacement

AGGREGATE

Majority Vote (Classification)
or Average (Regression)

Figure 46: Bagging: each tree sees a different bootstrap sample. Some observations appear multiple
times; others are left out entirely (the OOB samples).

Historical Background

Leo Breiman, 2001. He published the Random Forests paper and the provocative “Sta-
tistical Modeling: The Two Cultures” essay in the same year. Breiman, a professor at
UC Berkeley, challenged the statistics establishment head-on. Traditional statisticians
assumed a data-generating model—linear regression, logistic regression, parametric dis-
tributions. Breiman called this the “data model” culture. Machine learning practitioners
let algorithms discover patterns without assuming a specific model. He called this the
“algorithmic model” culture and argued it was the future.

Random forests were his proof of concept. A method with almost no assumptions about
the data-generating process, yet it matched or beat carefully specified parametric models
across dozens of benchmarks. The paper has over 100,000 citations. The “Two Cultures”
essay remains one of the most debated papers in statistics.

(c) Joerg Osterrieder 2026
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Rand Forest: Er bl
Random Forest Concept
1.00
RANDOM FOREST: THE IDEA 0.95
"Wisdom of the Crowd" 2 0.90
- - ©
Many weak learners -> One strong learner 3085
< 0.80
HOW IT WORKS:
0.75
1. BAGGING (Bootstrap Aggregating) 0.70
- Create N random samples (with replacement) :
- Each sample is ~63% of original data
- Each tree trains on different data
2. RANDOM FEATURE SELECTION
- At each split, consider only sqrt(p) features

- Decorrelates the trees

3. AGGREGATION
- Classification: Majority vote
- Regression: Average prediction

WHY IT WORKS:

- Individual trees overfit differently

RANDOM FOREST IN SKLEARN

from sklearn.ensemble import RandomForestClassifier
from sklear, ble ‘import 9 ble to

# Classification

rf_clf = RandonForestClassifier(
n_estinators=100, # Nuber of trees
max_depth=10, # Max depth per tree
min samples split=5,  # Min samples to split
max_features='sqrt’ # Features per split
bootstr # Use bootstrap samples
00b_sco # Out-of-bag score

obs=-1, # Use all CPU cores
random_state=42
)

rf_clf.fit(X_train, y_train)

# Predictions
y_pred = rf_clf.predict(X_test)
y_prob = rf_clf.predict_proba(X_test)

# 0ut-of -bag score (free validation!)
print(f*008 Score: {rf_clf.oob score :.4f}")

# Feature importance

inportance = rf_clf.feature_importances
# Regression

rf_reg = RandonForestRegressor(
n_estimators=100,

randon_state=42

)
rf_reg.fit(X_train, y train)
y_pred = rf_reg.predict(X_test)

- Different trees use different features

- Averaging reduces variance (errors cancel)
- Bias remainsslkl%vﬁ'['é?'ml’riem&ntatlon

of Decision Trees

Effect of Number of Trees

—e— Train Accuracy ~e——gq_

—#— Test Accuracy

Diminishing returns
after ~100 trees

10° 10t 10?
Number of Trees (n_estimators)

Decision Tree vs Random Forest +13% test

accuracy!

E Train
B Test
[ Variance

Single Tree Random Forest
(100 trees)

Figure 47: Random forest: multiple diverse trees vote together. The ensemble decision boundary is
smoother and more stable than any single tree.
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Misconception: More trees always improve accuracy

Returns diminish rapidly. Going from 10 trees to 100 typically produces a large accuracy
gain. Going from 100 to 1,000 rarely changes accuracy by more than 0.1%. Going from
1,000 to 10,000 is almost always wasted computation. The OOB error curve flattens early
(see Figure 48).

Misconception: Feature importance means causal importance

Feature importance measures predictive contribution—how much the model relies on a
feature for accurate predictions. A feature merely correlated with the target (but not
causal) can rank high. The number of fire trucks at a scene correlates with fire damage.
A random forest might rank “‘number of trucks” as important. Reducing the truck count
does not reduce damage.

Misconception: Random forests never overfit

They can. With very deep trees, very few samples, or extremely noisy features, a random
forest will overfit. The max_depth and min_samples_leaf hyperparameters still matter.
What is true: random forests are far more resistant to overfitting than single trees, and
they degrade more gracefully.

5.3 How Many Trees Are Enough?

Effect of Number of Trees

1.00 *—

—

0.95

0.90

Accuracy
o
2]
wv

Diminishing returns

0.801 after ~100 trees
0.75 1

—e— Train Accuracy
0.70 - —#— Test Accuracy

10° 10! 102
Number of Trees (n_estimators)

Figure 48: Accuracy vs. number of trees. The curve rises steeply from 1 to 50 trees, then flattens.
Beyond 200 trees, improvements are negligible.

5.4 Feature Importance: Gini vs. Permutation

One of the most useful properties of random forests: they rank features by importance. Two
common methods exist.

Gini importance (also called mean decrease in impurity) measures how much each feature
contributes to reducing impurity across all splits in all trees. It is fast—it falls out of the
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Decision Tree vs Random Forest

1.01 H Train 1% test
B Test ~4racy!
B Variance
0.8 -
0.6 -
o
_
o
(9}
0
0.4 -
0.2 A
0.0

Single Tree Random Forest
(100 trees)

Figure 49: Single tree vs. random forest on the same data. The forest boundary is smoother and
generalizes better to unseen points.

training process for free. But it has a bias: features with many unique values or high cardinality
get inflated importance scores.

Permutation importance works differently. After training, randomly shuffle one feature’s
values and measure how much accuracy drops. Big drop? Important feature. Barely any change?
Dispensable. Permutation importance is slower but unbiased.

5.5 Finance Application: Backtesting a Forest

In the opening problem, the single tree changed completely when Q2 data arrived. A random
forest would not. Individual trees within the forest would shift—but the ensemble prediction
would remain stable. The forest absorbs local instability into global robustness. That is the
entire point.
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Feature Importance in Decision Trees and Random Forests
Gini Importance Explained Feature Importance (Random Forest)

Momentum 5d 22.00%

HOW FEATURE IMPORTANCE WORKS

Volume Ratio 18.00%
GINI IMPORTANCE (Default in sklearn) RSI 15.00%
____________________________________ MA Cross 14.00%

For each feature: Volatility
q . . Sentiment 10.00%
1. Find all nodes that split on this feature VIX 6.00%

o
2. Calculate impurity decrease at each split: 3:00%
decrease = n_samples * (parent_impurity 0.00 0.05 0.10 0.15 0.20

- left weight * left impurity Importance
- right_weight * right_impurity)

3. Sum all decreases for this feature

4. Normalize so all importances sum to 1

INTERPRETATION:

- Higher = more important for predictions

- 0 = never used in any split

- Does NOT indicate direction (positive/negative)

PROS:

- Fast to compute (built into training)

- WorksGini W o ance
Rankings can

- Gini Importance differ! EXTRACTING FEATURE IMPORTANCE
B Permutation Importance

Python Code

o
N
o

from sklearn.ensemble import RandomForestClassifier

i its from sklearn.inspection import permutation_importance
c 0.15 import pandas as pd

©

£ # Fit model

S 0.10 rf = RandomForestClassifier(n_estimators=100, random state=42)
a Y — rf.fit(X_train, y_train)

E # Method 1: Gini Importance (built-in)

0.05

gini_importance = rf.feature importances

# Display
importance df = pd.DataFrame({

'feature': feature names,
Mom5d/olume MA Vol Sent VIX Earn ‘importance’: gini_importance
}).sort_values('importance', ascending=False)
print(importance df)

# Method 2: Permutation Importance (more reliable)
pern_result = pernutation_inportance(
f, X test, y test

perm_importance = perm_result.importances_mean
perm_std = pern_result.inportances_std

# Plot

import matplotlib.pyplot as plt
pLt.barh(feature names, gini_importance)
plt.xlabel (" Importance
plt.title('Feature Inportance')
pLt.show()

Figure 50: Feature importance concept: which features does the forest rely on most?

Feature Importance (Random Forest)

Momentum 5d 22.00%

Volume Ratio

15.00%

RSI
MA Cross 14.00%
Volatility 12.00%

Sentiment 10.00%

VIX 6.00%
Earnings Gap 1 3.00%
0.00 0.05 0.10 0.15 0.20

Importance

Figure 51: Feature importance bar chart for a credit model. Income and debt ratio dominate; age
contributes little.
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Gini vs Permutation Importance

Hl Gini Importance
[ Permutation Importance

0.20 1

0.15 4

Importance
=]
=
o

0.05

Mom5d Volume RSI MA Vol Sent VIX Earn

Figure 52: Gini vs. permutation importance. They can disagree, especially for correlated features.
Permutation importance is the more honest measure.

Strategy Backtest (1 Year)

— Buy & Hold (S&P 500)

e Random Forest Strategy
S 10-
£
3
Q51
&
(0]
=
3
© 0
3
I
3
O

_5 4

~101 Strategy: 16.3%
Benchmark: 7.5%
2023-01 2023-03 2023-05 2023-07 2023-09 2023-11 2024-01
Date

Figure 53: Backtesting a random forest trading model. The ensemble produces more stable out-of-
sample performance than any single tree.
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Python: Random Forest with Feature Importance

1 from sklearn.ensemble import RandomForestClassifier

3 # Train a random forest

4+ rf = RandomForestClassifier(

5 n_estimators=200, # 200 trees (dimintishing returns beyond)

6 max_depth=8, # prevent individual trees from
overfitting

7 random_state=42

8 )

o rf.fit(X_train, y_train)

11 # Feature tmportance (Gint-based, built-in)

12 importances = rf.feature_importances_

13 for name, imp in sorted(zip(feature_names, importances),

14 key=lambda x: x[1], reverse=True):
15 print (f"{name:25s} {imp:.4f}")

17 # 00B score (free cross-wvalidation)

1s rf_oob = RandomForestClassifier (

19 n_estimators=200, max_depth=8,
20 oob_score=True, random_state=42
21 )

22 rf_oob.fit(X_train, y_train)
23 print (£"00B accuracy: {rf_oob.oob_score_:.4f}")

Explain bagging in your own words, in three sentences or fewer. Why does training on
different random subsets of the data reduce variance compared to training on the full
dataset once?

A random forest reports the following feature importances for a credit scoring model:

Feature Importance
Income 0.35
Debt ratio 0.28
Employment years 0.20
Age 0.10
Number of accounts 0.07

Which are the top 3 predictors? Do these importance scores tell you whether income
causes creditworthiness? Why or why not?
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A single decision tree achieves 95% training accuracy and 72% test accuracy. A random
forest achieves 89% training accuracy and 84% test accuracy. The single tree is “smarter”
on training data. Explain why the forest wins on test data. What phenomenon does the
23-point train/test gap in the single tree indicate?

Consider two features in a credit model: income and monthly_spending. These are
highly correlated (r = 0.82). Compare Gini importance and permutation importance for
these two features. Which method gives a more honest picture of each feature’s unique
contribution, and why?

Design an experiment to select n_estimators for a stock trading signal model. Your
dataset contains daily features from 2015-2023.

(a) What metric would you use to evaluate the forest? (Hint: accuracy is a poor choice
for trading signals.)

(b) Can you use standard k-fold cross-validation? Why is shuffling dangerous for time-
series data?

(c) Propose a validation scheme that respects temporal ordering.

(d) Sketch the expected relationship between n_estimators and your chosen metric.

Connecting Forward

Random forests and logistic regression (Section 2) both output probabilities. A forest might say
“probability of default = 0.73.” Logistic regression might say “probability of default = 0.68.”

Both sound confident.

But how good are those probabilities? A model can output 0.9 confidence and still be wrong
half the time. It can achieve 99% accuracy and catch zero frauds. Measuring classification quality

requires metrics beyond accuracy—and those metrics are Section 6.

Key Takeaway: A random forest reduces variance by averaging many diverse trees—ensemble

wisdom beats individual expertise.

(c) Joerg Osterrieder 2026



6 Beyond the Grade — Confusion Matrix, Precision, Recall, and
F1

Opening Problem

A junior data scientist presents to the board of a European bank. The slide reads:
Fraud Detection Model — Accuracy: 99.8%

The CFO smiles. The chief risk officer does not. She asks one question: “How many actual
frauds did you catch?”

The answer: zero.

The model predicted “not fraud” for every single transaction. Since only 0.2% of trans-
actions are fraudulent, always predicting “not fraud” yields 99.8% accuracy. The model
learned the laziest possible pattern: ignore the minority class entirely. And accuracy—the
metric the junior analyst was so proud of—rewarded this laziness.

Accuracy is a lie when classes are imbalanced.

Discovery Question

Your model scores 95% accuracy. Your colleague’s model scores 60%. You both apply for
the same position and present these numbers. Who gets the job?

Now the interviewer adds context: the dataset has 95% negative cases and 5% positive
cases. Your colleague’s model catches 90% of the positives. Yours catches 0%. Who gets
the job now?

6.1 The Grading Analogy

Think of school grades. An A student who only attempts the easy questions vs. a C student who
attempts every question, including the hard ones. Who learned more?

The A student has high “accuracy” on attempted problems. But they dodged the difficult
material. The C student made more errors but engaged with the full range. In a final exam with
only hard questions, the C student outperforms.

Classification metrics face the same tension. Accuracy counts all correct predictions equally.
But in fraud detection, cancer screening, and credit default prediction, the “hard questions”™—the
rare positive cases—are exactly the ones that matter most.

6.2 The Four Outcomes

Every binary classification produces one of four outcomes for each sample. Get these straight—
everything in this section builds on them.

True Positive (TP): The model predicted positive, and the sample is actually positive. Example: flagged a
transaction as fraud, and it was fraud.

False Positive (FP): The model predicted positive, but the sample is actually negative. Example: flagged a
legitimate transaction as fraud. Also called a Type I error, or a false alarm.

False Negative (FN): The model predicted negative, but the sample is actually positive. Example: a fraud-
ulent transaction slipped through as “legitimate.” Also called a Type II error, or a miss.

True Negative (TIN): The model predicted negative, and the sample is actually negative. Example: correctly
classified a legitimate transaction as legitimate.

Now the metrics.
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Confusion Matrix: Credit Default Prediction

Actual TN FP
ctual _ 850 50 N=900
No Default (85%) (5%)
FN TP
DAcftualtl_ 30 70 P=100
erad (3%) (7%)
Pred'icted Pred'icted
No Refault Dafault

Figure 54: The confusion matrix: a 2 x 2 table that counts all four outcomes of a binary classifier.
Everything—precision, recall, F1, accuracy—is derived from these four numbers.

9h@balanced Dataset: Fraud Detection

(95%)
800 -
0
Q
o
£ 600 A
©
wn
Y
o
2
c 400 4
=}
p=
200
50
(5%)
0-
Normal Fraud
(95%) (5%)

Figure 55: An imbalanced dataset: the positive class (fraud) is a tiny sliver. A model that ignores this
sliver achieves near-perfect accuracy.
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The Accuracy Trap

Il Accuracy
1.0 [ Fraud Recall

95% accurate but
catches 0 fraud!

0.8 1

Score

0.4+

0.2

0.0-
Always Predict Random Actual
"Normal" Guess ML Model

Figure 56: The accuracy trap: a “dumb” model that always predicts the majority class scores high
accuracy while providing zero useful information.

TP
TP+ FP
Question it answers: Of all the transactions I flagged as fraud, how many actually were

fraud?
High precision means few false alarms. When you flag something, you are usually right.

Precision =

TP
TP+ FN
Question it answers: Of all the actual frauds, how many did I catch?
High recall means few missed positives. You rarely let a fraud slip through.

Recall =

2 - Precision - Recall - 2-TP
Precision + Recall  2-TP + FP + FN

The harmonic mean of precision and recall. It is low whenever either precision or recall
is low—you cannot game it by maximizing one while ignoring the other.

=

TP+TN
TP+TN+ FP+FN
The fraction of all predictions that are correct. Useful for balanced datasets. Misleading
for imbalanced ones.

Accuracy =

(c) Joerg Osterrieder 2026



60

Precision = TP/(TP+FP) = 70/(70+30) = 70.0%

False Positives

True Positives

When you predict positive,
how often are you correct?

0 10 20 30 40 50 60 70
Count

Figure 57: Precision visualized: of everything the model flagged, what fraction is correct?

Recall = TP/(TP+FN) = 70/(70+30) = 70.0%

False Negatives

True Positives

Out of all actual positives,
how many did you find?

0 10 20 30 40 50 60 70
Count

Figure 58: Recall visualized: of everything that is actually positive, what fraction did the model catch?
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Precision-Recall Tradeoff Across Thresholds
1.0 :

0.8+

0.61 — Precision
N —— Recall

—==- F1 Score

Metric Value
>

0.2 Default

t=0.5

0.0 . — !
0.0 0.2 0.4 0.6 0.8 1.0

Classification Threshold

Figure 59: The precision—recall tradeoff: pushing recall higher (catching more fraud) inevitably lowers
precision (more false alarms).

Precision-Recall Curve (Fraud Detection, 10% Prevalence)

1.0 —=- Random (Prevalence=10%)
= Good Model (AUC-PR=0.78)
—— Baseline Model (AUC-PR=0.52)
0.81 % Perfect Classifier
Better tha
| d
5 0.6 ranaom
[%2]
O
g
[=
0.4 1
0.2 1 Random
baseline
0.0 (Better than ROC for imbalanced data)
0.0 0.2 0.4 0.6 0.8 1.0

Recall

Figure 60: The precision—recall curve traces this tradeoff across all possible thresholds.
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F1 Score: Balancing Precision and Recall

F1 Formula & Intuition F1 Score Surface
TO oW P, N
® Ll |

F1 SCORE FORMULA

o

T

205

Q
$F1 = 2 \times \frac{Precision \times Recall}{Precisifn +

0000000
SLwWhO©O
SHd&HSHS

F1 Score

This is the HARMONIC MEAN of P and R. op 04 06 08 10
Precision

WHY HARMONIC MEAN?

Arithmetic mean: (P + R) / 2

Problem: Can be high even if one is low
Example: P=1.0, R=0.1 -> AM = 0.55

Harmonic mean: 2*P*R / (P + R)

Penalizes extreme imbalance
Example: P=1.0, R=0.1-> F1 = 0.18

INTERPRETATION:

F1 = 1.0: Perfect (P=R=1)

F 0 Mt Estnanaar o) . F-Beta Score (Weighted F1)
g 1 EE Precision e ! > high! F-BETA SCORE: WEIGHTED F1
@ o F_\beta = (1 + \beta”2) \times \frac{Precision \times Recall} {\beta”2 \times Precision + Recall}$
SEEE gl BETA CONTROLS THE WEIGHT:
- Need single metric for comparison

- Care equally about P and R beta < 1: Weight PRECISION more
- Imbalanced classes beta = 1: Equal weight (standard F1)
- Model selection/tuning beta > 1: Weight RECALL more

COMMON VALUES:

F0.5: Precision is 2x as important as Recall
Use: Email spam (don't lose good emails)

F1: Equal importance (default)
Use: General purpose

F2: Recall is 2x as important as Precision
Use: Medical screening (don't miss cases)

SKLEARN CODE:

from sklearn.metrics import fbeta_score

fO5 = fbeta_score(y_test, y_pred, beta=0.5)
f1 = fbeta_score(y_test, y_pred, beta=1)
f2 = fbeta_score(y_test, y_pred, beta=2)

# Or use make_scorer for GridSearchCV
from sklearn.metrics import make_scorer
f2_scorer = make_scorer(fbeta_score, beta=2)

Figure 61: F1 score: the harmonic mean of precision and recall. It penalizes models that sacrifice one
for the other.
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Historical Background

Jerzy Neyman and Egon Pearson, 1933. Working at University College London, they
formalized the hypothesis testing framework that introduced Type I errors (false positives)
and Type II errors (false negatives). Their framework was controversial—Ronald Fisher
himself opposed it bitterly. Fisher viewed significance testing as a measure of evidence, not
a decision procedure. Neyman and Pearson disagreed: they framed testing as a decision
between two hypotheses, with explicit error rates for each type of wrong answer.

The Neyman—Pearson lemma became the foundation of statistical decision theory. Every
precision /recall calculation traces back to their Type I/II error framework. When you
compute a confusion matrix, you are applying their 1933 idea to machine learning.

Misconception: High accuracy means the model is good

| r
\

The accuracy trap. With 99% non-fraud transactions, predicting “no fraud” always gives
99% accuracy while catching nothing. Accuracy counts true negatives equally with true
positives, flooding the numerator with easy-to-predict majority cases.

| '

Misconception: F1 is always better than accuracy

F1 ignores true negatives entirely. For perfectly balanced datasets (50/50 split), accuracy
is a fine metric. F1 shines specifically when classes are imbalanced and you care about
the minority class. Use the right tool for the situation.

| '

Misconception: Precision and recall can both be maximized

They trade off. Catch more positives (higher recall) and you inevitably flag more false
alarms (lower precision). The only way to have both at 1.0 is a perfect classifier—which
does not exist in practice.

Misconception: The confusion matrix changes only when you change the model

It also changes when you change the threshold on the same model. A logistic regression
outputs probabilities. At threshold 0.5, you get one confusion matrix. At threshold 0.3,
you get a different one—higher recall, lower precision. The model did not change. The
decision boundary did. Thresholds are the subject of Section 7.
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6.3 Worked Example: Fraud Detection Metrics

A fraud detection model produces the following confusion matrix on 1,000 test transac-
tions:

Predicted Fraud Predicted Legitimate

Actually Fraud TP = 45 FN = 10
Actually Legitimate FP =5 TN = 940

Precision: é_if) = % = 0.90. When the model flags fraud, it is correct 90% of the time.

Recall: 454% = g—g = 0.818. The model catches 82% of actual frauds. Ten slip through.

. 2x0.90x0.818 __ 1.473 __
F1: 0.90+0.818 ~— 1.718 — 0.857.

Accuracy: 451‘58610 = 0.985 = 98.5%.

Which metric matters here? For fraud detection, recall is critical—every missed fraud
costs real money. The 10 missed frauds (FN = 10) might represent hundreds of thousands
of euros in losses. The 5 false alarms (FP = 5) merely trigger manual review.

F1 Score Surface

0.90

0.75

0.60
= <
o 8
e« Balanced 0.45 :

F1=0.50
0.30
0.15
0.00
0.2 0.4 0.6 0.8 1.0
Precision

Figure 62: The F1 surface: how F1 changes as precision and recall vary. F1 is low whenever either
component is low.
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Model Comparison

Il Precision
1.07 B Recall
H Fl

Best F1!

V4

Model A Model B Model C Model D

Figure 63: Comparing models on multiple metrics. Model A has higher accuracy; Model B has higher
F1. Which is “better” depends entirely on the application.

Per-Class F1 Scores

(Market Regime Classification) Averaging Methods
1.0 1
n=600 . Weighted b, rt
Welghted (az:%ur?ts fgrssll{ge,")o 0.777
0.8
n=250
Acceptable
1
g 0.6- n=150
. Global TP/FP/FN
ﬁ Micro (se?mi)le-/eve/) 0.780
—
[T
0.4+
021 Macro {4 0.717
0l === Sl Tl } . . . . .
BuII|sh Sideways Bearish 0.0 0.2 0.4 0.6 0.8 1.0

F1 Score

Figure 64: Multiclass extension: precision, recall, and F1 computed per class, then aggregated via macro
or weighted averaging.
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All Metrics Derived from Confusion Matrix

F1 Score
Accuracy Precision
Pred 0 Pred 1
(TP+TN)/(All) TP/(TP+FP)
Actual 0 TN FP
Actual 1 FN TP
Recall (TP cificity (TNR)
TP/(TP+FN) TN/(TN+FP)

FPR = 1 - Bpecificity

Figure 65: Overview of classification metrics and their relationships.

Type 1 vs Type Il Errors in Finance

Type | Error (FP) Type Il Error (FN)
"False Alarm" "Missed Detection"
Reject true HO Accept false HO
Flag legitimate txn as fraud Miss actual fraud
Cost: $50 investigation Cost: $10,000 loss

J \
Asymmetric costs drive threshold choice

ny false alarms

(Cost RatiorT 1= N costs € than FP)]

Figure 66: Type I and Type II errors. The relative cost of each determines which metric you optimize.
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Given TP = 45, FP = 5, FN = 10, TN = 940, compute:

a) Precision

(a)
(b) Recall

(c) F1 score
(d) Accuracy

Yes, this repeats the worked example. Do it yourself without looking back. The formulas
must become automatic.

In one paragraph, explain why 99% accuracy is terrible for a fraud detection model when
the fraud rate is 0.5%. What specific metric would reveal the model’s failure?

A medical screening model produces: TP = 80, FP = 20, FN = 30, TN = 870.
(a) Compute precision, recall, F1, and accuracy.

(b) You can reduce either FP or FN by 10 (not both). Which do you choose for a cancer
screening application? Justify by computing the new recall in each case.

For each scenario, argue whether precision or recall matters more. Explain the cost of
being wrong in each direction (FP vs. FN).

a) Spam filter for your personal email

(a)
(b) Cancer screening test (initial, not diagnostic)
(c) Credit card fraud alert system

)

(d) Automated resume screening for job applications
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Design a metric selection strategy for a loan approval system. The bank faces two pres-
sures:

e A regulator (GDPR Article 22) demands explanations for every denial.

e The credit department wants to minimize default losses.

(a) What metric do you report to the regulator? Why?
(b) What metric do you optimize internally? Why might it differ from (a)?

(¢) How do you reconcile a model that optimizes for recall (catching defaults) with a
regulatory demand for explainability (favoring simpler, more precise models)?

Connecting Forward

Precision and recall are snapshots. They describe model performance at one specific threshold—
the cutoff above which the model predicts “positive.” But what if you want to see performance
across all possible thresholds? What if you want to compare two models regardless of threshold
choice?

The ROC curve sweeps across every threshold from 0 to 1 and plots the tradeoff between true
positive rate and false positive rate. Its area—the AUC—provides a single number summarizing
discriminative ability across the entire range. That is Section 7.

Key Takeaway: Accuracy lies when classes are imbalanced—precision and recall reveal what

accuracy hides.
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7 The Whole Picture — ROC Curves, AUC, and Threshold Tuning

Opening Problem

Two teams at a bank build fraud detection models. Both use the same data. Both present
to the model validation committee.

Team A: “Our model achieves AUC = 0.92.”

Team B: “Our model achieves AUC = (.88.”

The committee picks Team A. Higher AUC, better model. Obvious.

Three months later, Team B’s model—the one rejected—catches more fraud in production
at another bank. The committee is baffled.

What happened? Team B tuned their threshold to the bank’s cost structure: €50 per
investigation (false positive) vs. €5,000 per missed fraud (false negative). Team A deployed
with the default threshold of 0.5, which was nowhere near optimal for this cost ratio. AUC
told part of the story. The threshold told the rest. Nobody asked about the threshold.

Discovery Question

Can a model with lower AUC actually outperform a model with higher AUC at a specific
operating threshold? Under what conditions would you prefer the “worse” model?

7.1 The Speedometer Analogy

A car speedometer shows capability: 0 to 250 km/h. AUC is like that—it summarizes perfor-
mance across every possible operating point.

But you do not drive at every speed simultaneously. In a 30 km/h school zone, you care about
low-speed control. On the Autobahn, you care about stability at 180 km/h. The speedometer’s
full range tells you the car’s potential, but your driving conditions determine what matters.

AUC summarizes the full ROC curve. Your bank operates at one threshold. The left half of
the curve (low FPR, low TPR) might be irrelevant. The right half too. Only a narrow band
around your operating point determines production performance.

ROC Curve
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-7 ——. Random (AUC=0.50)
0.0 T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0

False Positive Rate (FPR)

Figure 67: The ROC curve: each point represents a different threshold. Moving right increases both
the true positive rate and the false positive rate.
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ROC Comparison: Model Selection
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Figure 68: ROC comparison: Model A dominates Model B across most thresholds. But at the specific
operating region the bank cares about, the gap may narrow or even reverse.

7.2 TPR, FPR, and the ROC Curve

True Positive Rate (TPR): Same as recall: TPR = T'P/(T'P+FN). The fraction of actual positives correctly
identified. Also called sensitivity.

False Positive Rate (FPR): FPR = FP/(FP +TN). The fraction of actual negatives incorrectly flagged as
positive. The “false alarm rate.”

ROC curve: Receiver Operating Characteristic curve. Plots TPR (y-axis) vs. FPR (x-axis) at every threshold
from 0 to 1. A perfect model hugs the top-left corner. A random model follows the diagonal.

AUC: Area Under the ROC Curve. Ranges from 0 to 1. Interpretation: the probability that a randomly chosen
positive sample receives a higher predicted score than a randomly chosen negative sample.

AUC = P(p(x") > p(x7))

where xT is a random positive sample and x~ is a random negative sample.
Scale:
e AUC = 0.5: random guessing (the diagonal line)
AUC € [0.7,0.8): acceptable discrimination
AUC € [0.8,0.9): good discrimination
AUC € [0.9,1.0): excellent discrimination
AUC = 1.0: perfect separation (never happens with real data)

(c) Joerg Osterrieder 2026
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AUC Interpretation Scale

Better

0.5 0.6 0.7 0.8 0.9 1.0

Random
Guessing Poor Fair Good Excellent Perfect
0.5 0.6 0.7 0.8 0.9 1.0

AUC Value

Figure 69: The AUC scale: from random (0.5) to perfect (1.0). Most production models in finance land
between 0.7 and 0.9.

Score Distributions I_Jy Class (AUC~0.85)

! I Actual Negative
[ Actual Positive
= = Threshold=0.5

0.0 0.2 0.4 0.6 0.8 1.0
Predicted Probability

Figure 70: Score distributions for positives and negatives. Heavy overlap means low AUC. Clean sepa-
ration means high AUC.
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AUC Benchmarks by Domain

==+ Random
1.0 B Typical AUC
Il Good AUC

Medical Credit Fraud Marketing Stock
Diagnosis Scoring Detection Response Direction

Figure 71: AUC benchmarks across different models and applications.

Historical Background

Tom Fawcett, 2006. Published “An Introduction to ROC Analysis” in Pattern Recogni-
tion Letters—the definitive tutorial that standardized how machine learning reports and
interprets ROC curves. The paper has over 30,000 citations.

But the ROC concept is much older. It originated in World War II radar signal detection,
around 1941. Radar operators had to distinguish enemy aircraft (true positives) from noise
(false positives). Different receiver settings produced different tradeoffs: more sensitive
settings caught more planes but also triggered more false alarms. The name “Receiver
Operating Characteristic” comes directly from those radar receiver settings.

For decades, ROC analysis lived in signal processing and medical diagnostics. Fawcett
brought it into mainstream machine learning with clear guidelines for plotting, interpret-
ing, and comparing curves. His tutorial made AUC the default model comparison metric.

Misconception: AUC of 0.9 means 90% accuracy

AUC and accuracy measure completely different things. AUC = 0.9 means a randomly
chosen positive scores higher than a randomly chosen negative 90% of the time. It says
nothing about accuracy at any particular threshold. A model with AUC = 0.9 could have
accuracy of 85%, 95%, or 50% —depending on the threshold and class balance.

Misconception: ROC curves are always better than PR curves

For heavily imbalanced data, ROC can paint an overly rosy picture. The FPR denominator
includes all true negatives. When negatives dominate (say 9,900 out of 10,000), even 100
false positives give FPR = 0.01—tiny. The ROC curve barely notices. Precision, however,
would be TP /(TP+100), which drops fast. PR curves are more informative for imbalanced
data. We will see this directly in Section 8.

(c) Joerg Osterrieder 2026
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Misconception: The default threshold of 0.5 is optimal

Almost never. Threshold 0.5 makes sense only when: (a) classes are balanced, (b) false
positives and false negatives have equal costs, and (c) the model is well-calibrated. In
fraud detection, where cost(FN) is 100x cost(FP), the optimal threshold is much lower—
perhaps 0.1 or 0.2.

Misconception: Higher AUC always means the better model

AUC summarizes all thresholds. If you operate at one specific threshold, a model with
lower AUC might outperform there. Two ROC curves can cross: Model A wins at low
FPR, Model B wins at high FPR. Their AUCs might be similar, but the right choice
depends on where you operate.

7.3 Threshold Tuning: Where Theory Meets Business

The ROC curve shows all possible operating points. Which one do you pick? That depends on
the cost of errors.

Metrics vs Decision Threshold

0.9
0.8
= Precision
= Recall
g . = F1 Score
ﬁ = = Accuracy
¥ BestFl (t=0.43)
----- Default (0.5)
0.6 V \
0.5

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Threshold

Figure 72: How precision, recall, and F1 change as the threshold sweeps from 0 to 1. There is no single
“best” threshold—it depends on what you optimize.
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Cost-Sensitive Threshold Selection

= FP Cost ($100 each)

== FN Cost ($1000 each) A
= Total Cost

407 o Min Cost (t=0.12)
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V

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Threshold

Figure 73: Cost-based threshold selection: the expected cost curve has a minimum. That minimum is

your optimal operating point.

A fraud detection system processes 10,000 transactions daily. Fifty are fraudulent.
Costs:

e False positive: €50 per investigation

e False negative: €5,000 per missed fraud
At threshold ¢, let FPR(t) be the false positive rate and FNR(¢) = 1 — TPR(t) the false

negative rate.
Expected daily cost:

C(t) = FPR(t) x 9,950 x 50 + FNR(¢) x 50 x 5,000
At t = 0.5: FPR = 0.02, TPR = 0.70.
C =0.02 x 9,950 x 50 4+ 0.30 x 50 x 5,000 = 9,950 + 75,000 = €84,950
At t = 0.2: FPR = 0.05, TPR — 0.92.
C =0.05 x 9,950 x 50 + 0.08 x 50 x 5,000 = 24,875 + 20,000 = €44,875

Lowering the threshold from 0.5 to 0.2 saves €40,075 per day—despite tripling false alarms.
Investigation costs are cheap; missed fraud is expensive.

(c) Joerg Osterrieder 2026
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Trading Confusion Matrix

Actual Down 45
(+%$4500)

Actual U 50
P (+$5000)

Predicted Down Predicted Up

Accuracy: 63.3% | Net Profit: $1,250

Figure 74: Trading signal confusion matrix: the four outcomes of a buy/sell classifier applied to daily
stock returns.

Best Risk-Adjusted!
Model Comparison: Accuracy vs Risk Metrics l
Il Accuracy

Il Sharpe/2
E= MaxDD/50

0.7 1

Normalized Score

High Acc Balanced High Recall High Precision
Low Profit Trader Trader

Figure 75: Strategy performance at different thresholds. Aggressive (low threshold) vs. conservative
(high threshold) trading.
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Predicted
Legit Fraud

Cost-Weighted Fﬁnfusion Malﬁjx: Fraud Detection

i Expected Cost Calculation:
Legit n = 9,200 n=300 <P

E Cost: $0 Cost: $50 TN:9,200x0=0

2

7] FP: 300 x 50 = 15,000

[~

FN TP FN: 100 x 10, 000 = 1,000,000
Fraud n =100 n = 400
TP: 400 x 0 =0
Cost: $10,000 Cost: $0

(Total Cost: $1,015,000)

[FN dominates total cost despite being only 100 cases (100 x 10k = lM)]

Figure 76: Fraud cost matrix: the asymmetry between investigation costs and fraud losses drives thresh-
old selection far below 0.5.

Top 10%: 3.9x lift
10- /I:fft Curve: Credit Default Targeting
. o

—== Random Selection (Lift=1)

—— Credit Risk Model
3.5
..
3.0
Top 20%: 3.2x lift Interpretation:
2.5 Top 10% of model scores

Lift

capture 3.9x more defaults

2.0 than random 10%

1.54

L0 m mm o o e e  DTIIRTEES

[Use case: Target high-risk customers for intervention]
0 20 40 60 80 100
Percentage of Population Targeted (%)

0.5

Figure 77: Lift curve: how much better is the model than random at each fraction of the population?
Useful for prioritizing which cases to investigate first.

(c) Joerg Osterrieder 2026



7

7.4 Finance Applications

Python: ROC Curve and Cost-Optimal Threshold

from sklearn.metrics import roc_curve, roc_auc_score
import numpy as np

# Compute ROC curwve

5 fpr, tpr, thresholds = roc_curve(y_test, y_proba)
6 auc_score = roc_auc_score(y_test, y_proba)

7 print (£"AUC: {auc_score:.4f}")
8

9 # Cost-optimal threshold

10 cost_fp = 50 # investigation cost per false alarm
11 cost_fn = 5000 # fraud loss per missed fraud
12 n_pos = y_test.sum()

13 n_neg = len(y_test) - n_pos

15 # Expected cost at each threshold

16 costs = fpr * n_neg * cost_fp + (1 - tpr) * n_pos * cost_fn

17 optimal_idx = np.argmin(costs)

s optimal_threshold = thresholds[optimal_idx]

19 print (f"Optimal threshold: {optimal_threshold:.3f}")

20 print (£"TPR={tpr [optimal_idx]:.3f}, FPR={fpr[optimal_idx]:.3f}")

Interpret each AUC value in plain English, using the “randomly chosen positive vs. ran-
domly chosen negative” framing:

(a) AUC = 0.5
(b) AUC = 0.85
(c) AUC =1.0

A ROC curve has a clear “elbow” at FPR = 0.10, TPR = 0.85. Explain why this point
might make a good operating threshold. What does it mean to operate to the left of this
point? To the right?

AUC is called “threshold-independent” because it summarizes performance across all
thresholds. Is this always an advantage? Describe a concrete scenario where you would
prefer a threshold-specific metric (e.g., precision at recall = 0.9) over AUC.

(c) Joerg Osterrieder 2026
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A fraud detection system handles 1,000 transactions, 5 of which are fraudulent. Costs:
FP = €10 (investigation), FN = €100 (fraud loss). The model reports:

Threshold Precision Recall

Predicted Positives

0.3
0.4
0.5
0.6
0.7

0.05
0.08
0.15
0.25
0.50

1.00
0.80
0.60
0.40
0.20

100
50
20

8
2

At each threshold, compute: (a) TP and FP counts, (b) FN count, (c) cost from FP and
cost from FN, (d) total expected cost. Which threshold minimizes total cost?
Hint: TP = Recall x 5 and FP = Predicted Positives — TP.

Consider a dataset with 1% positive class (100 positives, 9,900 negatives).

(a) A model achieves ROC-AUC = 0.95 but PR-AUC = 0.30. Explain how this is

possible. What does each metric “see” that the other misses?

(b) Which metric is more honest for stakeholders who care about catching the positive

class?

(c) Under what class distribution would ROC-AUC and PR-AUC agree closely?

Connecting Forward

In Sections 6 and 7 we assumed the test set reflects reality. We computed metrics on held-out
data and trusted the numbers.

But what if 99.9% of your data is one class? Standard training fails. The optimizer finds the
path of least resistance: predict the majority class always. The confusion matrix is nearly empty

in the positive quadrant. Precision is undefined (0/0). Recall is zero.

The solutions—SMOTE, class weights, cost-sensitive learning—modify either the data or the

loss function so that the model cannot ignore the minority class. That is Section 8.

Key Takeaway: AUC summarizes a model’s overall discrimination—but the threshold you

deploy determines the actual impact.

(c) Joerg Osterrieder 2026
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8 Finding Needles in Haystacks — Class Imbalance and
Cost-Sensitive Learning

Opening Problem

A European bank processes 50,000 credit card transactions daily. Of these, about 50 are
fraudulent—a 0.1% fraud rate. The data science team trains a gradient boosted classifier
on six months of historical data.

The model predicts “legitimate” for every single transaction.

Accuracy: 99.9%. Fraud caught: zero. Revenue protected: nothing.

The model learned the laziest pattern: always predict the majority class. The loss function
penalized all errors equally, and the class with 49,950 samples overwhelmed the class
with 50 samples. From the model’s perspective, ignoring fraud minimized total error. A
perfectly rational but perfectly useless result.

This is the class imbalance problem. It afflicts nearly every real-world classification task
in finance: fraud detection, credit default, money laundering, insider trading, market
manipulation. The events you most need to catch are exactly the ones rarest in the data.

Discovery Question

If you duplicate all 50 fraud cases to create 50,000 fraud samples + 50,000 legitimate
samples, the model now sees balanced classes. But does it actually learn better? Or does
it just memorize the same 50 fraud patterns repeated 1,000 times each?

8.1 Needles, Haystacks, and Three Strategies

The metaphor is exact. You have a haystack of 50,000 pieces of straw and 50 needles hidden
inside. Your detector was calibrated for haystacks with equal amounts of straw and needles. So
it learned what straw looks like and classified everything as straw.

Three strategies for finding those needles:

1. Add more needles (oversampling): duplicate existing needles or synthesize new ones so
the detector sees them more often.

2. Remove straw (undersampling): discard most straw so needles become a larger fraction.

3. Make needles heavier (class weights): keep the data unchanged, but tell the detector
that missing a needle costs 1,000 times more than misclassifying straw.

Each strategy has tradeoffs. We examine all three.

8.2 Resampling Strategies

Class imbalance: When one class significantly outnumbers the other in the training data (e.g., 99:1 or 999:1
ratio). The majority class dominates the loss function, causing the model to ignore the minority class.

Random oversampling duplicates minority samples until classes are balanced. Simple and
fast. The problem: the model sees the same fraud examples repeatedly. It does not learn new
fraud patterns—it memorizes existing ones. This risks overfitting to the specific minority samples
in the training set.

Random undersampling removes majority samples until classes are balanced. Also simple
and fast. The problem: you throw away data. With 50 fraud and 50,000 legitimate transactions,
undersampling to 50:50 means keeping only 50 legitimate transactions out of 50,000. You discard
99.9% of your negative examples.

(c) Joerg Osterrieder 2026



80

The Imbalance Spectrum

Balanced Mild Moderate Severe Extreme
50:50 80:20 95:5 99:1 99.9:0.1
Loan Customer Insurance Credit Card
Default Churn Claims Fraud
Needs specialized
Easy to handle techniques

Figure 78: The imbalance spectrum: from mildly imbalanced (70:30) to severely imbalanced (99.9:0.1).
Most real-world finance problems live at the severe end.
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Figure 79: Decision boundary bias: when one class dominates, the boundary shifts toward the minority,
effectively ignoring it.
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Original: Imbalanced (100:10)
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Figure 80: The original imbalanced dataset: 100 majority samples, 10 minority samples. The decision
boundary is pulled toward the majority class.
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Figure 81: After random oversampling: the minority class is duplicated to match the majority. The

same 10 points now appear multiple times—no new information.

(c) Joerg Osterrieder 2026



82

SMOTE: Synthetic Minority Over-sampling Technique. Instead of duplicating existing minority samples,
SMOTE creates new synthetic samples by interpolating between existing minority neighbors. This generates
genuine new data points.

To generate a synthetic sample Xpew:

1. Pick a minority sample x;.

2. Find its k nearest minority-class neighbors (k = 5 by default).

3. Randomly select one neighbor x;.

4. Generate: Xpew = X; + A - (X; — X;), where X\ ~ Uniform(0, 1).
The new sample lies between two existing minority samples in feature space. SMOTE fills
in the minority region rather than stacking copies on existing points.

SMOTE: Creating Synthetic Points
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2.00 2.25 2.50 275 3.00 3.25 3.50 3.75 4.00
Feature 1

Figure 82: SMOTE in action: synthetic samples (stars) appear along line segments between existing
minority neighbors, expanding the minority class’s coverage of feature space.

8.3 Class Weights: Changing the Loss, Not the Data

Class weights: Instead of modifying the data, modify the loss function. Assign higher penalty to misclassifying
minority samples. The model sees the original data but “feels” minority errors more acutely.
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Weighted Loss and Balanced Weights

The weighted loss assigns class-specific multipliers:

n
Eweighted = Z Wy, - [’(y'b gz)
o=ll

With class_weight=’balanced’ in scikit-learn, the weight for class £ is:

. n
K-nk

Wk

where n = total samples, K = number of classes, np = count of class k.
Example: 9,500 legitimate + 500 fraud (n = 10,000, K = 2).
* Wiezt = o450y = 0-526

10,000 _
® Weaud = 3500 — 10.0

Each fraud misclassification now hurts 19x more than a legitimate one. The model cannot
afford to ignore fraud.

Class Weights: Penalizing Minority Errors More
10.50

[ Default Weight
104 EE3 Balanced Weight

Wei g ht = Nsamples

Nclasses X Nclass

20x higher penalty
for minority errors!

Weight Value

Majority Class Minority Class
(n=1000) (n=50)

Figure 83: Class weights shift the decision boundary: minority errors are penalized more heavily, pulling
the boundary away from the minority class.

8.4 Stratified Cross-Validation

Stratified K-Fold: Cross-validation that preserves class proportions in each fold. If the dataset has 1% fraud,
each fold also has approximately 1% fraud. Without stratification, some folds might have zero fraud examples,

making evaluation meaningless.
This is non-negotiable for imbalanced data. Standard k-fold with random shuffling can produce
folds where the minority class is entirely absent.
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Historical Background

Nitesh Chawla, Kevin Bowyer, Lawrence Hall, and W. Philip Kegelmeyer, 2002. Pub-
lished “SMOTE: Synthetic Minority Over-sampling Technique” in the Journal of Artificial
Intelligence Research. The problem they solved had plagued fraud detection, medical di-
agnosis, and text classification for years: how do you train a model when positive examples
are extremely rare?

The key insight was deceptively simple. Random oversampling adds no new information—
it just stacks copies. SMOTE generates genuinely new samples by interpolating between
neighbors. The synthetic points fill in the minority class’s feature space, giving the model
a richer picture of what “positive” looks like.

The paper now has over 45,000 citations, making it one of the most impactful machine
learning papers ever published. Variants like Borderline-SMOTE, ADASYN, and SMOTE-
ENN followed, but the original algorithm remains the most widely used.

Misconception: Oversampling and SMOTE are the same

Random oversampling duplicates existing minority samples verbatim. Fifty fraud sam-
ples oversampled to 5,000 means each original appears 100 times. No new information.
SMOTE creates synthetic samples by interpolating between neighbors—each one is a new
point in feature space. SMOTE adds information; duplication does not.

Misconception: You should balance the test set too

Never. The test set must reflect real-world conditions. If fraud is 0.1% in production,
your test set should have 0.1% fraud. Balancing the test set inflates performance metrics
that collapse at deployment. Only modify the training set.

Misconception: Class weights and resampling produce identical results

Different mechanisms, different effects. Weights modify the loss function—the model
sees original data but penalizes minority errors more. Resampling modifies the data
itself—the model sees a different distribution. In practice they produce similar but not
identical boundaries. Weights are simpler and avoid overfitting to duplicated samples.
Resampling can work better when the minority class has complex structure that benefits
from SMOTE’s interpolation.

.

8.5 Why PR Curves Matter More Under Imbalance

In Section 7 we noted that ROC curves can be optimistic for imbalanced data. Here is why,
concretely.

The FPR denominator includes all true negatives. With 9,900 negatives, 100 false positives
produce FPR = 100/9,900 ~ 0.01. The ROC curve barely registers. But precision = TP /(TP
+ 100). If TP is also 100, precision is 0.50. The PR curve catches this immediately.

For imbalanced data, always report PR-AUC alongside ROC-AUC. The gap between
them reveals how much the class imbalance is flattering the ROC metric.

(c) Joerg Osterrieder 2026
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ROC Curve (Looks Great!) PR Curve (Reality Check)
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ROC-AUC = 0.92 looks excellent, but PR-AUC = 0.28 reveals poor minority detection

Figure 84: PR vs. ROC for the same model on imbalanced data. The ROC curve looks excellent (AUC
near 0.95). The PR curve tells a different story—precision drops sharply as recall rises.
PR-~AUC is much lower than ROC-AUC.
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Figure 85: Fraud cost matrix: the asymmetry between investigation cost (€10) and fraud loss (€5,000)
drives threshold selection far below 0.5.
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8.6 Cost-Sensitive Fraud Detection

Dataset: 10,000 transactions, 10 fraudulent (0.1% positive rate).

Step 1 — Split. Stratified train/test split preserving 0.1% fraud in both. Result: 8,000
train (8 fraud), 2,000 test (2 fraud).

Step 2 — SMOTE (training only). Synthesize fraud samples until training is 50:50.
Result: 7,992 legitimate + 7,992 synthetic fraud. Test set is untouched.

Step 3 — Train with class weights as backup.

1 model = LogisticRegression(class_weight=’balanced’, max_iter=1000)
2 model.fit(X_train_smote, y_train_smote)

Step 4 — Tune threshold. Using cost(FP) = €10, cost(FN) = €5,000, sweep thresholds
from 0.05 to 0.95 and pick the one minimizing expected cost on a validation set.

Step 5 — Evaluate on original test set. Report PR-AUC, ROC-AUC, precision,
recall, F1 at the chosen threshold. Do not report accuracy—it is meaningless at 0.1%
positive rate.

Python: SMOTE + Class Weights | Stratified CV

from imblearn.over_sampling import SMOTE
from sklearn.model_selection import StratifiedKFold
from sklearn.linear_model import LogisticRegression

B W N =

# SMOTE: create synthetic minority samples
smote = SMOTE(random_state=42)
X_resampled, y_resampled = smote.fit_resample(X_train, y_train)

® N o w

9 # Alternative: class weights (no resampling needed)

10 model = LogisticRegression(class_weight=’balanced’, max_iter
=1000)

11 model.fit(X_train, y_train)

13 # Always use StratifiedKFold for imbalanced data
14 cv = StratifiedKFold(n_splits=5, shuffle=True, random_state=42)
15 for train_idx, val_idx in cv.split(X_train, y_train):

16 X_fold_train = X_train.iloc[train_idx]
17 y_fold_train = y_train.iloc[train_idx]
18 # Apply SMOTE <instde the fold, mnever on full data
19 X_smote, y_smote = smote.fit_resample(

20 X_fold_train, y_fold_train
21 )

A dataset has 9,500 legitimate and 500 fraudulent transactions.
(a) What is the imbalance ratio (majority : minority)?
(b) If a model predicts “legitimate” for every transaction, what is its accuracy?

(¢) What is its recall for the fraud class?

(c) Joerg Osterrieder 2026
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Describe step by step how SMOTE generates one synthetic fraud sample. Use this con-
crete example with 2 features:

e Existing fraud sample A: amount = €450, time = 02:30

e Nearest fraud neighbor B: amount = €520, time = 03:15

e Random A =0.4
Compute the synthetic sample’s feature values and explain what A controls.

For a 99:1 imbalanced dataset with 10,000 samples (9,900 majority, 100 minority), compare
three strategies:

(a) Random oversampling to 50:50 (duplicate minority to 9,900)
(b) Random undersampling to 50:50 (reduce majority to 100)
(c) class_weight=’balanced’ (no data change)

For each: What is the resulting training set size? What are the main risks? Which
preserves the most information?

A fraud detection system processes 10,000 transactions with 50 frauds. Costs: FP = €10
(investigation), FN = €5,000 (fraud loss). The model reports:

Threshold Precision Recall

0.3 0.15 0.90
0.5 0.45 0.60
0.7 0.80 0.30

For each threshold, compute:
(a) TP count (= Recall x 50) and FP count (= T'P/Precision — T P)
(b) FN count (= 50 — T'P) and its cost
(c) Total expected cost (FP x €10 + FN x €5,000)

Which threshold minimizes cost?

(c) Joerg Osterrieder 2026
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Design a complete pipeline for credit card fraud detection at a bank processing 100,000
daily transactions with a 0.05% fraud rate. Address each component:

(a) Data splitting: Why is random train/test splitting dangerous for fraud data?
Propose a better approach.

(b) Resampling: Choose between SMOTE, random oversampling, and class weights.
Justify.

(¢) Model: Logistic regression, random forest, or gradient boosting? Why?
(d) Metrics: Which primary metric? Which secondary?

(e) Threshold: How do you select it? What cost information do you need from the
business?

(f) Monitoring: The fraud rate shifts from 0.05% to 0.15% over three months. How
do you detect this drift and when do you retrain?

Looking Back

This handout started with a loan officer who could not be consistent (Section 1). We gave
her the sigmoid and logistic regression (Section 2). We taught her to explain decisions through
coefficients and odds ratios (Section 3). We offered decision trees that split the problem into
interpretable yes/no questions (Section 4). We built forests that resist the instability of individual
trees (Section 5). We learned that accuracy lies when classes are imbalanced—precision and recall
reveal the truth (Section 6). We discovered that the threshold you deploy matters more than
the model you choose (Section 7). And here we confronted the uncomfortable reality that the
rare events finance cares about most—fraud, default, market manipulation—are exactly the ones
standard machine learning ignores.

The classification toolkit is now in your hands: logistic regression for interpretability, trees
and forests for flexibility, metrics for honesty, and resampling for fairness to rare events. Every
real-world deployment uses some combination of these ideas.

Key Takeaway: Class imbalance is the norm in finance—the rare events (fraud, default, anoma-

lies) are exactly the ones you cannot afford to miss.
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Solutions to Practice Problems

Section 1: When Numbers Become Decisions
Solution 1.1:

(a) Predicting tomorrow’s stock price — Regression. The target is a continuous number
(e.g., $142.37). There is no finite set of categories.

(b) Detecting spam emails — Classification (binary). The target is one of two categories:
Spam or not-spam.

(c) Estimating a house’s market value — Regression. The target is a continuous dollar
amount.

(d) Flagging fraudulent credit card transactions — Classification (binary). Each trans-
action is either fraudulent or legitimate.

(e) Forecasting a customer’s lifetime spending — Regression. The target is a continuous
monetary value accumulated over time.

Solution 1.2:

When you fit a straight line § = Sy + S12 to binary data (y € {0,1}), the points cluster at the
top (y = 1) and bottom (y = 0) of the plot. The best-fit line cuts through the cloud at an angle.
The problem becomes visible at the extremes: for very small x, the line predicts values below 0
(e.g., y = —0.3), and for very large z, it predicts values above 1 (e.g., § = 1.4). Neither value
makes sense as a probability. You cannot be “negative 30% likely” to default, nor “140% likely.”
Furthermore, around the decision boundary the line gives values like 0.49 and 0.51, which are
treated as opposite decisions despite being nearly identical scores. The sigmoid function solves
this by squashing all outputs into the interval (0,1).

Solution 1.3:

(a) Features: annual_income, employment_years, num_credit_cards, loan_amount. Tar-
get: defaulted (0/1).

(b) Binary classification. The target takes exactly two values: 0 (no default) and 1 (default).

(¢) The feature most likely to have the strongest association with default is annual_income (or
loan_amount). Income directly determines a borrower’s capacity to service debt. Higher
income means more disposable cash flow to make payments. Of course, the ratio of loan
amount to income (a derived feature) would be even more predictive, but among the raw
features listed, income is the most fundamental driver of repayment ability.

Solution 1.4:

(a) predict() for a LinearRegression model returns a continuous real number for each
sample—the predicted value of y. For example, [0.73, —0.15, 1.42].

(b) predict_proba() for a LogisticRegression model returns an array of shape (n,2) where
each row contains [P(class = 0), P(class = 1)]. For example, [[0.27,0.73],[0.85,0.15]]. Both
columns sum to 1 for each row.

(c) The classifier outputs probabilities because the decision threshold should be chosen by the
user, not hard-coded into the model. A probability of 0.6 might justify different actions in
different contexts: approve a credit card but deny a mortgage. By returning probabilities,
the model separates estimation (“how likely is default?”) from the decision (“should we
approve?”).
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Solution 1.5:

(a) Features to engineer:

e Volume anomaly: Ratio of current trading volume to the 30-day average for the same
security.

o Timing features: Number of days between the trade and the next material corporate
announcement (earnings, M&A, regulatory filings).

e Profit features: Abnormal return earned within a short window (e.g., 5 days) after
the trade.

o Network features: Whether the trader has professional or personal connections to
company insiders (shared board memberships, family ties, prior employer overlap).

e Paittern features: Frequency of trades in the same security before prior announce-
ments; whether the trader has a history of well-timed trades across multiple compa-
nies.

(b) Why this is harder than credit default: (1) Ground truth is scarce—insider trading
is illegal, rarely prosecuted, and confirmed cases are few, so labeled positive examples are
extremely rare. (2) The signal is deliberately hidden; insiders use intermediaries, spread
trades across accounts, and time their activity to avoid detection. (3) The feature space is
relational (networks of people), not tabular like credit data. (4) Normal trading can look
identical to insider trading (a lucky bet), making the false positive cost high.

(c) Class balance: The vast majority of trades are legitimate. Insider trading might rep-
resent fewer than 0.01% of all trades. This extreme imbalance means a model predicting
“legitimate” for every trade achieves >99.99% accuracy while catching zero insiders. We
need precision/recall-based metrics and resampling strategies (Section 8).

Section 2: The Sigmoid and Logistic Regression
Solution 2.1:

1
The sigmoid function is o(z) = .
1+e*
For z = —2:
—(=2) — 2 - 73891 14+ e2—=.8389] —2) = =0.1192
e e® =17.3891, +e” =8.3891, o(-2) S3301 0.119
For » =0:
0 1
e'=1, 14+1=2, 0(0)2520.5000
For z =2:
-2
=0.1 140.1353 =1.1 2) = =0.
e 0.1353, +0.1353 353, o(2) 11353 0.8808
For z =5:
-5
e 0.0067, +0.0067 0067, o(5) 10067 0.9933

Verification: o(—2) + ¢(2) = 0.1192 + 0.8808 = 1.0000. This holds in general: o(—z) =
1 —o0(z), because

Solution 2.2:
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(a) Compute the linear score:
2 = B0+ Bincome * D + Baebt - 0.4 = —1.54+ 0.3 x 5+ (—2.1) x 0.4
z=-154+15-084=-0.84
(b) Compute the probability:

1

P(default) = 0(—0.84) = 14 084 -1 + 2.3164 ~ 3.3164

= 0.3016

(c) At a threshold of 0.5, we predict “default” if P(default) > 0.5. Since 0.3016 < 0.5, we
predict no default. The customer would be approved.

Solution 2.3:

(a) The decision boundary is defined by P(positive) = 0.5, which occurs when o(z) = 0.5, i.e.,
z = 0. The equation z = 0 becomes:

Bo + Biz1 + Paxa =0

This is the equation of a straight line in the (x1,x2) plane. Any linear combination of
features set equal to a constant defines a hyperplane (a line in 2D), so the boundary is
always a straight line.

(b) The slope of the boundary line is —f1/82. Rearranging Sy + S1x1 + fexa = 0 gives
x9 = —(B1/B2)x1 — Po/B2. The ratio of the two feature coefficients determines the angle.

(c) The intercepts are determined by fy. The xo-intercept is —f5p/B2 (set 1 = 0) and the
x1-intercept is —fy/B1 (set o = 0). Changing [y shifts the line parallel to itself without
changing its slope.

Solution 2.4:
The log loss for a single sample is £ = —[ylogp + (1 — y) log(1 — p)].
Case (a): y=1,p=0.9.

Ly, =—[1-10g(0.9) + 0 -1log(0.1)] = —log(0.9) = —(—0.1054) = 0.1054
Case (b): y=1, p=0.01.

Ly = —[1-1og(0.01) 4+ 0 -1log(0.99)] = —log(0.01) = —(—4.6052) = 4.6052

Ratio:
Ly,  4.6052
L, 0.1054
The loss in case (b) is approximately 44 times larger. This demonstrates that log loss
penalizes confident wrong predictions catastrophically. A model that says “1% chance” when the
true label is 1 gets punished far more than a model that says “90% chance” gets rewarded for

being right. This asymmetric penalty is what makes log loss effective for training: it forces the
model away from overconfident errors.

43.7

Solution 2.5:
We start from the log loss for a single sample:

L=—[ylogo(z)+ (1 —y)log(l — ()]

We need %. Apply the chain rule to each term.
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First term: % [—ylogo(z)].

Second term: Z[—(1—y)log(1— o(z))].

— =) o ) == TSI

1—o0(z)
Combine:
% =—y(1-0(2)+ (1 —y)o(z) =~y +yo(2) +a(z) —yo(z) = o(z) —y
(;f =o(z)—y

This result is remarkably simple: the gradient is just the prediction error (predicted probability
minus true label). When y = 1 and o(z) = 0.9, the gradient is 0.9 — 1 = —0.1 (a small push to
increase z). When y = 1 and o(z) = 0.1, the gradient is 0.1 — 1 = —0.9 (a large push to increase
z). The sigmoid and the log loss were designed for each other: the log is the natural inverse
of the exponential inside the sigmoid, and their composition cancels to leave only the residual.
This is not a coincidence—it is why logistic regression uses log loss rather than squared error.

Section 3: Coefficients, Odds Ratios, and Regularization

Solution 3.1:
The odds ratio for a one-unit increase is OR = e?. With 8 = 0.5:

OR = €%° = 1.6487

Complete sentence: “For each one-unit increase in X, the odds of default are multiplied by
1.6487.”

In practical terms, the odds increase by about 65%. If the original odds of default were 1:4
(20% probability), after a one-unit increase in X the odds become 1.6487 x (1/4) = 0.412,
corresponding to a probability of 0.412/1.412 ~ 29.2%.

Solution 3.2:

(a) Debt-to-income (OR = 3.2) most strongly predicts default. For each one-unit increase
in debt-to-income, the odds of default are multiplied by 3.2—more than tripled. The other
features have ORs below 1 (protective) but their magnitudes are smaller. To compare
fairly: income’s “distance” from 1 is |1 — 0.85| = 0.15, employment’s is |1 — 0.70| = 0.30,
and debt-to-income’s is |3.2 — 1| = 2.2, making it by far the strongest.

(b) OR = 0.85 for income means that for each one-unit increase in income, the odds of default
are multiplied by 0.85, i.e., the odds decrease by 15%. Higher income is protective against
default.

(¢) For a 0.2-unit change in debt-to-income, the multiplicative effect on the odds is:
OR®2 — 3,902

Computing: In(3.2) = 1.1632, so 0.2 x 1.1632 = 0.2326, and %2326 = 1.262.

The odds of default are multiplied by approximately 1.26, a 26% increase, for a 0.2-unit
increase in debt-to-income.
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Solution 3.3:
In scikit-learn, C' = 1/X where X is the regularization strength. Larger C' means weaker
regularization.

(a) Coefficient magnitudes: At C = 0.01 (strong regularization, A\ = 100), the penalty for
large coefficients is severe, so the optimizer shrinks all coefficients toward zero. At C = 100
(weak regularization, A = 0.01), coefficients are nearly unconstrained and can grow large
to fit the training data closely.

(b) Decision boundary complexity: With C' = 0.01, the small coefficients produce a bound-
ary that is nearly flat—the model underfits, ignoring subtle patterns. With C' = 100, large
coefficients produce a boundary that closely follows the training data’s shape, capturing
noise along with signal.

(c) Overfitting risk: C' = 100 has high overfitting risk because the model fits training noise.
C = 0.01 has high underfitting risk. This is the bias-variance tradeoff: low C' increases bias
(oversimplified model) but reduces variance (stable across different training sets); high C
reduces bias but increases variance. The optimal C' is found via cross-validation, typically
searching a logarithmic grid (e.g., C' € {0.01,0.1,1,10,100}).

Solution 3.4:

(a) The predicted class is Finance, because 0.72 is the largest probability among [0.15,0.72,0.13].

(b) The model’s confidence is 72%. This is reasonably high—the model assigns nearly three-
quarters of its probability mass to Finance.

(c) Yes, softmax probabilities always sum to 1.00 by construction. The softmax function is

defined as:
P(k) = et
Zngl e%
Summing over all k: Zé{:l P(k) = %’c Z:f = 1. The denominator ensures normalization
J

regardless of the input scores.

(d) With probabilities [0.34,0.35,0.31], you should not trust this prediction. The model is
nearly uniformly uncertain across all three classes. The “winner” (Finance at 0.35) beats
the runner-up by only 0.01. In practical terms, this observation lies near the intersection
of all three decision boundaries. A responsible system would flag this prediction as low-
confidence and either request human review or abstain from classifying.

Solution 3.5:

(a) L1 drives small coefficients exactly to zero; L2 does not. L2 (Ridge) shrinks all
coefficients proportionally toward zero but never reaches exactly zero. L1 (Lasso) produces
a “diamond-shaped” constraint region whose corners lie on the coordinate axes, so the
optimal solution often hits a corner where one or more coefficients are exactly zero.

(b) L1 produces a sparse model when: (1) the regularization strength is sufficiently high (small
(), and (2) many features are redundant or irrelevant. With correlated features, L1 tends
to pick one and zero out the others. The sparser the true signal (few features truly matter),
the better L1 works.
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(c) Use L1 regularization. The regulator requires at most 5 features, which means you need
feature selection built into the model. L1 automatically eliminates irrelevant features by
setting their coeflicients to zero. You tune C until at most 5 coefficients remain nonzero.
L2 cannot do this—it keeps all features with small but nonzero coefficients, violating the
5-feature constraint.

(d) In scikit-learn:

e L1: LogisticRegression(penalty="11’, solver=’saga’)
e [.2: LogisticRegression(penalty=’12") (default)

Note that L1 requires a solver that supports it (’saga’ or ’liblinear’). The default
solver *1bfgs’ only supports L2.

Section 4: Decision Trees

Solution 4.1:
The 6-row dataset:

ID Income ($k) Credit Score Default?

1 35 620 Yes
2 80 750 No
3 45 580 Yes
4 70 700 No
5 30 640 Yes
6 90 720 No

Split on Income < 50:

e Left leaf (Income < 50): IDs 1, 3, 5. Classes: Yes, Yes, Yes. Majority class: Default
(3/3).

e Right leaf (Income > 50): IDs 2, 4, 6. Classes: No, No, No. Majority class: No Default
(3/3).

All 6 samples are correctly classified: the 3 defaulters land in the left leaf (predicted Default)
and the 3 non-defaulters land in the right leaf (predicted No Default). The split achieves 6 out
of 6 correct (100% training accuracy). This is a perfect split for this small dataset.

Solution 4.2:
(a) The proportion of positives: p = 30/100 = 0.3.

(b) Gini impurity:
G=2p(1—-p)=2x0.3x0.7=042

(c) This node is not pure. A pure node has G = 0 (all samples belong to one class). The
maximum Gini impurity for a binary problem is Gax = 2 X 0.5 x 0.5 = 0.5, occurring at
a 50/50 split. Our value of 0.42 is close to the maximum, indicating substantial mixing of
the two classes. The node needs further splitting.

Solution 4.3:
(a) Parent Gini: p = 60/100 = 0.6.

Gparent = 2 X 0.6 x 0.4 = 0.48
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(b)

Left child Gini: 35 positive out of 40, so p;, = 35/40 = 0.875.

Glett = 2 x 0.875 x 0.125 = 0.21875

Right child Gini: 25 positive out of 60, so pr = 25/60 = 0.4167.

Ghright = 2 x 0.4167 x 0.5833 = 0.4861
Weighted average Gini after split:

40 60
it = —— 21 — 4861 = 0. 2917 =0.3792
Gplit 100 x 0.21875 + 100 x 0.486 0.0875 4 0.2917 = 0.379

Gini gain (reduction in impurity):

AG = Gparent — Gsplit = 0.48 — 0.3792 = 0.1008

This is a moderately good split. The Gini dropped from 0.48 to 0.3792, a reduction
of about 21%. The left child is fairly pure (G = 0.22) with 87.5% positives, but the right
child remains impure (G = 0.49) with a near-even 42/58 split. The tree would continue
splitting the right child to further separate the classes. For comparison, a perfect split
would reduce Gini to 0 (gain of 0.48), so this split captures about 0.1008/0.48 = 21% of
the possible improvement.

Solution 4.4:

(a)

Tree B is overfitting. The hallmark of overfitting is a large gap between training accuracy
and test accuracy. Tree B achieves 99% on training data but only 55% on test data—a
44-percentage-point gap. It has memorized the training set, including its noise, and fails
to generalize. Tree A has a modest 2-point gap (72% vs. 70%), indicating it generalizes
nearly as well as it trains.

Deploy Tree A. In production, only test accuracy matters (because the model sees new,
unseen data). Tree A’s 70% test accuracy is far better than Tree B’s 55%. A simple model
that generalizes beats a complex model that memorizes.
Hyperparameters to tune between the extremes of depth 2 and depth 20:

e max_depth: Try values 3-10 using cross-validation.

e min_samples_split: Require at least 10-50 samples to justify a split.

e min_samples_leaf: Require at least 5-20 samples in each leaf.

e max_leaf_nodes: Directly limit the tree’s number of leaves.

The goal is a depth (or complexity) that balances bias and variance—somewhere between
the underfitting of depth 2 and the overfitting of depth 20.

Solution 4.5:

(a)

Each split in a decision tree tests a single feature against a threshold: “Is xy < t7” This
creates a boundary that is perpendicular to the x1-axis—a vertical or horizontal line in 2D.
The tree never tests a combination like “Is 1 + xo < t7”. Since every split is axis-aligned,
the overall boundary (the union of all splits) is also axis-aligned—a collection of horizontal
and vertical line segments.
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(b) For the diagonal boundary zo = 1, the tree must approximate the diagonal with many
axis-aligned cuts:

e First split: z1 < 0.5 (vertical line).
e Then: x9 < 0.5 in each child (horizontal lines).
e Then: finer splits on z1, then x, alternating.

The result is a staircase pattern that zigzags along the diagonal. The more steps, the closer
the approximation, but each step requires an additional split (and more data to support
it). A depth-d tree can create at most 2¢ rectangular regions, so approximating a smooth
diagonal requires d to be large.

(c) Logistic regression from Section 2 handles a diagonal boundary with a single line. It
learns 51z + faxa + fo = 0. For the boundary zo = 1 (equivalently z1 — z9 = 0), logistic
regression sets f1 = 1, B2 = —1, By = 0—one equation, done.

(d) Feature engineering lets a tree capture diagonal boundaries. Create a new feature
xr3 = x1 — x2. Now the diagonal boundary xo = x1 becomes x3 = 0, which is a single
axis-aligned split on the new feature. More generally, creating interaction features (sums,
differences, ratios of existing features) can transform non-axis-aligned boundaries into axis-
aligned ones in the augmented feature space.

Section 5: Random Forests

Solution 5.1:

Bagging (bootstrap aggregating) trains many decision trees, each on a different random sample
drawn with replacement from the training data. Because each tree sees a slightly different version
of the data, each tree makes different errors. When you average their predictions (or take a
majority vote), the individual errors tend to cancel out. A single tree trained on the full dataset
is highly sensitive to which specific points are included—change a few points and the tree can
look completely different. By training on many bootstrap samples and combining the results,
the ensemble’s prediction is much more stable (lower variance) than any single tree.

Solution 5.2:
The top 3 predictors are:

1. Income (importance = 0.35)
2. Debt ratio (importance = 0.28)
3. Employment years (importance = 0.20)

These importance scores do not tell us whether income causes creditworthiness. Feature im-
portance measures how much a feature helps the model make accurate predictions—it captures
predictive association, not causation. Income might be correlated with other unmeasured fac-
tors (wealth, education, family support) that are the true causal drivers. Observational data
alone cannot establish causation; that requires controlled experiments or careful causal inference
techniques.

Solution 5.3:

The single tree’s 23-point gap (95% train, 72% test) indicates overfitting. The tree has
memorized the training data, including its noise, and fails to generalize. The forest achieves
lower training accuracy (89%) because each individual tree sees only a bootstrap sample and
a random subset of features, so no single tree can memorize the full dataset. However, this
“Impaired” training translates to much better generalization (84% test) because:

e Each tree overfits in a different direction (different data subset, different feature subset).
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e When you average many diverse overfitting trees, the overfitting components cancel and
the shared signal reinforces.

e The ensemble’s variance is approximately Var(single tree)/n (reduced by the number of
trees), while the bias stays roughly the same.

The forest trades a small increase in bias (89% vs. 95% train) for a large reduction in variance,
yielding better test performance.

Solution 5.4:

Gini importance measures how much a feature contributes to reducing impurity across all
splits in the forest. When two features are highly correlated (r = 0.82), the tree may split on ei-
ther one interchangeably. The importance gets shared between income and monthly_spending—
each appears important in some trees but not others. Both get moderate importance scores, even
if only one truly matters. Gini importance also has a bias toward high-cardinality features.

Permutation importance measures how much test accuracy drops when a feature’s values
are randomly shuffled. For correlated features, permuting income while leaving monthly_spending
intact causes little accuracy drop, because the model can still extract the same information from
the correlated partner. Both features appear less important than they truly are.

Permutation importance gives a more honest picture of each feature’s unique con-
tribution, because it answers: “What information does this feature provide that no other feature
provides?” However, it can underestimate the joint importance of a correlated group. To get the
full picture, one can permute both correlated features simultaneously to measure their combined
contribution.

Solution 5.5:

(a) Metric: Use precision at a fixed recall level (e.g., precision@recall=0.5) or PR-AUC.
Accuracy is a poor choice for trading signals because: (1) profitable signals are rare (class
imbalance), and (2) a model predicting “no signal” always achieves high accuracy but zero
trading profit. A profit-based metric like Sharpe ratio of the resulting portfolio could also
work, but it requires a full backtesting pipeline.

(b) Standard k-fold cross-validation shuffles data randomly, breaking the temporal
ordering. This means the model trains on future data and predicts on past data (data
leakage). Financial time series contain autocorrelation, regime changes, and trends that
make future information genuinely informative about the past—but in a way that cannot
be exploited in real trading.

(c) Time-series cross-validation (expanding or sliding window):
e Fold 1: Train on 2015-2017, validate on 2018.
e Fold 2: Train on 2015-2018, validate on 2019.
e Fold 3: Train on 2015-2019, validate on 2020.
e Continue until the final fold tests on 2023.
This ensures the model never trains on data from after the validation period.

(d) Expected relationship: As n_estimators increases from 1 to perhaps 500, the cho-
sen metric improves rapidly at first (each new tree adds diversity) and then plateaus.
Unlike a single tree, random forests do not overfit with more trees—the metric curve flat-
tens but does not decline. The point of diminishing returns (where adding more trees
yields negligible improvement) is typically between 100 and 500 trees. Choose the smallest

n_estimators where the metric has stabilized, to balance performance against computa-
tional cost.
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Section 6: Precision, Recall, and the Confusion Matrix

Solution 6.1:
Given: TP =45, FP =5, FN = 10, TN = 940.

TP 45 45

Precision = = = —=10.90 (90
(a) Precision = 7555 = 1575 ~ 50 (90%)
TP 45 45

b) Recall = = = — = (.8182 (81.
(b) Recall = 757N = T5r10 ~ 55~ o182 (BLSY)

Precision x Recall 0.90 x 0.8182
(¢c) F1 score =2 x — =2X —————

Precision + Recall 0.90 + 0.8182

0.7364
X 7182 x 0.4286 = 0.857 0.857 (85.7%)
TP 4+ TN 45 + 940 985

= 0.985 (98.5%)

d A - = =

(d) Accuracy = G5 55 PN+ TN 45454+ 104040 1000
Note the gap: accuracy is 98.5% (sounds excellent) but recall is only 81.8% (the model misses

10 out of 55 positives). This is why accuracy alone is misleading when classes are imbalanced.

Solution 6.2:

If the fraud rate is 0.5%, then in 10,000 transactions there are 50 frauds and 9,950 le-
gitimate ones. A model that predicts “legitimate” for every transaction achieves accuracy
= 9,950/10,000 = 99.5%. This exceeds 99%, yet the model catches zero frauds—every single
fraud goes undetected. The model is useless for its intended purpose.

Recall would reveal the failure immediately: recall = 0/(0 4+ 50) = 0. The model has zero
recall for the fraud class. Precision is undefined (0/0) because the model never predicts positive.
The F1 score is also 0. Any metric that considers the positive class (recall, F1, PR-AUC) would
expose this model as a failure, while accuracy hides it behind the overwhelming majority class.

Solution 6.3:
Given: TP =80, FP = 20, FN = 30, TN = 870. Total = 1,000.

80 80
(a) e Precision = 80+20 100 0.80 (80%)
80 80
o Recall = gomon = 1o = 0.7273 (72.7%)
0.80 x 0.7273 0.5818
o FL=2x (ol i =2 S = 21X 03809 = 0.7619 (76.2%)
e Accuracy = 801—(;0%70 = 1905000 =0.95 (95%)

(b) For cancer screening, you should reduce FIN by 10 (from 30 to 20). Here is why:

Option 1: Reduce FP by 10 — TP = 80, FP = 10, FN = 30. New recall = 80/(80+ 30) =
0.7273 (unchanged).

Option 2: Reduce FN by 10 — TP = 80, FP = 20, FN = 20. New recall = 80/(80+20) =
0.80 (improved from 72.7% to 80%).

In cancer screening, a false negative means a patient with cancer is told they are healthy—
they miss early treatment, potentially with fatal consequences. A false positive means a
healthy patient gets an unnecessary follow-up test—stressful but not dangerous. The cost
of FN (missed cancer) vastly exceeds the cost of FP (extra biopsy), so reducing FN is the
right choice.
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Solution 6.4:

(a)

Spam filter: Precision matters more. A false positive means a legitimate email is
sent to spam—you miss an important message from a colleague or client. A false negative
means a spam email reaches your inbox—annoying but harmless (you just delete it). The
cost of missing real email outweighs the cost of seeing spam, so you want high precision
(few false positives).

Cancer screening: Recall matters more. A false negative means a cancer patient is
missed and goes untreated—potentially fatal. A false positive means a healthy person gets
a follow-up biopsy—uncomfortable but not life-threatening. You must catch as many true
cases as possible, so you maximize recall.

Credit card fraud alert: Recall matters more (with precision awareness). A
false negative means fraud goes undetected—the bank loses money and the customer’s
account is compromised. A false positive means a legitimate transaction is flagged and
the customer gets a verification call—inconvenient but resolvable. However, if precision is
too low, customers get frustrated by constant false alerts and may abandon the card. The
primary metric is recall, with a precision floor (e.g., precision > 0.05) to keep false alerts
manageable.

Resume screening: Precision matters more. A false positive means an unqualified
candidate gets an interview—wasting interviewer time and resources. A false negative
means a qualified candidate is rejected—bad, but less visible and less costly per incident
(the company never knows what it missed). The HR team’s scarce interview slots should
go to genuinely qualified candidates, so precision is prioritized.

Solution 6.5:

(a)

Report to the regulator: Precision (or, more broadly, a clear confusion matrix).
GDPR Article 22 gives individuals the right to meaningful explanations of automated
decisions. When a loan is denied, the bank must explain why. High precision means that
when you deny someone (predict “default”), you are usually right. This makes explanations
credible: “We denied your application because your debt-to-income ratio of 0.85 places you
in a high-default-risk category, and 90% of applicants in this category have historically
defaulted.” Low precision (many false denials) undermines regulatory trust.

Optimize internally: Recall for the default class (or F1). The credit department
wants to minimize losses, which means catching as many actual defaults as possible before
they happen. This is a recall objective. However, pure recall maximization would deny
loans to too many creditworthy applicants (lost revenue). In practice, the bank optimizes
F1 or a cost-weighted metric that balances missed defaults (FN cost) against lost good
customers (FP opportunity cost).

Reconciliation: Use a two-stage approach. First, train the most accurate model possible
(e.g., a random forest optimized for F1 or a cost-sensitive metric). Second, for every
denial, generate a post-hoc explanation using the top contributing features (e.g., SHAP
values or the logistic regression coefficients if the model is linear). The model optimizes for
recall/F1 to catch defaults, but the explanation layer uses interpretable features to satisfy
the regulator. If the regulator requires the model itself to be interpretable (not just the
explanations), use logistic regression with L1 regularization to select a small number of
features, and accept a modest reduction in recall for the sake of full transparency.
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Section 7: ROC Curves and AUC

Solution 7.1:
The AUC can be interpreted as: “If you randomly pick one positive sample and one negative
sample, the AUC is the probability that the model scores the positive higher than the negative.”

(a) AUC = 0.5: The model is no better than random guessing. If you pick a random defaulter
and a random non-defaulter, the model ranks the defaulter higher only 50% of the time—
the same as flipping a coin. The model has learned nothing useful about what distinguishes
the two classes.

(b) AUC = 0.85: The model is good. A randomly chosen positive sample scores higher than
a randomly chosen negative sample 85% of the time. In 15% of random pairs, the model
gets the ranking wrong. This is a solid, production-viable model for many applications.

(¢) AUC = 1.0: The model achieves perfect discrimination. Every positive sample receives a
higher score than every negative sample. There exists a threshold that perfectly separates
the two classes with zero errors. This is rare in real-world data (usually indicates data
leakage or a trivially separable problem).

Solution 7.2:
The “elbow” at (FPR = 0.10, TPR = 0.85) represents the point of maximum curvature on the
ROC curve, where the tradeoff between true positives and false positives shifts. At this point:

e You catch 85% of all positives (TPR = 0.85).
e You falsely flag 10% of negatives (FPR = 0.10).

This is a good operating threshold because the ratio of benefit (TPR gained) to cost (FPR
incurred) is at its best. Geometrically, this is the point closest to the ideal top-left corner (0, 1).

Operating to the left (lower FPR, e.g., FPR = 0.02) means you are more conservative: fewer
false alarms, but you also miss more positives (TPR might drop to 0.50). This is appropriate
when false positives are very expensive (e.g., unnecessary surgical biopsies).

Operating to the right (higher FPR, e.g., FPR = 0.30) means you are more aggressive: you
catch nearly all positives (TPR might rise to 0.95), but at the cost of many false alarms. This is
appropriate when false negatives are catastrophic (e.g., missing a terrorist at airport security).

Solution 7.3:

AUC’s threshold-independence is not always an advantage. It summarizes performance across
all thresholds equally, including thresholds you would never use in practice.

Concrete scenario: A hospital screening system for a rare disease must operate at recall
> 0.90 (you cannot miss more than 10% of cases—ethical and legal requirement). Model A has
AUC = 0.92 but achieves only precision = 0.02 at recall = 0.90. Model B has AUC = 0.88
but achieves precision = 0.15 at recall = 0.90. AUC prefers Model A, but at the operationally
required threshold, Model B is far better (7.5 times more precise). The hospital cares about
performance at a specific recall level, not across all possible thresholds.

In general, prefer threshold-specific metrics when: (1) the operating point is fixed by business
or regulatory constraints, (2) class imbalance is severe (AUC can be optimistic), or (3) the costs
of FP and FN are very different (which pins the threshold).

Solution 7.4:

We have 1,000 transactions, 5 fraudulent. FP cost = €10, FN cost = €100.
For each threshold, compute TP, FP, FN, and total cost:

Threshold 0.3: Recall = 1.00, Precision = 0.05, Predicted Positives = 100.

e TP=100x5=5. FP=100-5=95. FN=5-5=0.
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e Cost =95 x 10+ 0 x 100 = €950 + €0 = €950.

Threshold 0.4: Recall = 0.80, Precision = 0.08, Predicted Positives = 50.
e TP =080x5=4. FP=50-4=46. FN=5-4=1.
e Cost =46 x 10+ 1 x 100 = €460 + €100 = €560.

Threshold 0.5: Recall = 0.60, Precision = 0.15, Predicted Positives = 20.
e TP=060x5=3. FP=20-3=17. FN=5-3=2.
e Cost =17 x 10+ 2 x 100 = €170 + €200 = €370.

Threshold 0.6: Recall = 0.40, Precision = 0.25, Predicted Positives = 8.
e TP=040x5=2. FP=8-2=6. FN=5-2=3.
e Cost =6 x 10+ 3 x 100 = €60 + €300 = €360.

Threshold 0.7: Recall = 0.20, Precision = 0.50, Predicted Positives = 2.
e TP=020x5=1. FP=2-1=1. FN=5-1=4.

e Cost =1x 1044 x 100 = €10 + €400 = €410.

Threshold TP FP FN FP Cost FN Cost Total Cost

0.3 5 95 0 €950 €0 €950
0.4 4 46 1 €460 €100 €560
0.5 3 17 2 €170 €200 €370
0.6 2 6 3 €60 €300 €360
0.7 1 1 4 €10 €400 €410

Threshold 0.6 minimizes total cost at €360. The cost ratio (FN/FP = 100/10 = 10) is
moderate enough that the optimal point balances investigation costs against fraud losses. Note
that threshold 0.3 (catch all fraud) costs €950 due to the flood of false alarms, while threshold
0.7 (few alerts) costs €410 because 4 out of 5 frauds slip through.

Solution 7.5:

(a) How ROC-AUC = 0.95 but PR-AUC = 0.30 is possible:

ROC-AUC measures the model’s ability to rank a random positive above a random neg-
ative. With 9,900 negatives, even a small FPR (e.g., 1%) means 0.01 x 9,900 = 99 false
positives. The ROC curve “sees” FPR, which stays small in percentage terms. So the ROC
curve looks excellent.

PR-AUC measures precision versus recall. At high recall, precision = TP/(TP + FP). If
you catch 90 of the 100 positives (recall = 0.90) but generate 99 false positives, precision
=90/(90 + 99) = 0.476. As you try to catch the last few positives, FP grows further and
precision drops. PR-AUC is low because the model cannot achieve high precision and high
recall simultaneously—the 99:1 imbalance makes the denominator of precision large.

What each metric “sees” ROC-AUC is influenced by the large TN count (9,900 neg-
atives correctly classified keep FPR low). PR-AUC ignores TN entirely and focuses only
on what happens among the predicted positives. With severe imbalance, ROC-AUC is
optimistic; PR-AUC is realistic.
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(b)

PR-AUC is more honest for stakeholders who care about catching the positive class.
It directly answers: “When the model says ‘positive,” how often is it right?” (precision)
and “Of all actual positives, how many does the model find?” (recall). ROC-AUC can look
excellent even when precision is poor, which misleads stakeholders into thinking the model
is deployment-ready.

ROC-AUC and PR-AUC agree closely when the class distribution is approx-
imately balanced (e.g., 50:50 or even 70:30). In balanced settings, a small FPR in
percentage terms also means a small absolute number of false positives, so precision stays
high. As the positive class becomes rarer, the two metrics diverge: ROC-AUC remains
optimistic while PR-AUC drops.

Section 8: Class Imbalance

Solution 8.1:

(a)

(b)

()

Imbalance ratio:
Majority 9,500

Minority 500

There are 19 legitimate transactions for every fraudulent one.

=19:1

Accuracy of always predicting “legitimate”:

9,500 9,500

= =0.95=95
9,500 + 500 10,000 %

Accuracy =

The model achieves 95% accuracy by doing nothing useful.
Recall for the fraud class:

TP 0

Recall = _ _
T TP YFEN 0+ 500

0

The model catches zero frauds. Every single fraud is a false negative.

Solution 8.2:

SMOTE (Synthetic Minority Over-sampling TEchnique) generates synthetic samples by inter-
polating between existing minority samples and their nearest minority neighbors.

Step-by-step for one synthetic sample:

1.

Pick an existing minority sample. We select fraud sample A: (amount = €450, time
= 02:30).

. Find its nearest minority neighbor. The nearest fraud neighbor is B: (amount =

€520, time = 03:15).

Draw a random number X € [0, 1]. We are given A = 0.4.

. Interpolate each feature:

amountyey = 450 + 0.4 x (520 — 450) = 450 + 0.4 x 70 = 450 + 28 = €478

timepew = 02:30 + 0.4 x (03:15 — 02:30) = 02:30 + 0.4 x 45 min = 02:30 + 18 min = 02:48

. Result: The synthetic fraud sample is (amount = €478, time = 02:48).
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The parameter A controls where on the line segment between A and B the new point falls.
A = 0 places it exactly at A; A = 1 places it at B; A = 0.4 places it 40% of the way from A to
B. By drawing A uniformly from [0, 1], SMOTE fills the feature space between existing minority
samples, creating plausible new examples rather than exact duplicates.

Solution 8.3:
Starting dataset: 10,000 samples (9,900 majority, 100 minority).

(a) Random oversampling to 50:50 (duplicate minority to 9,900):
e Resulting training set size: 9,900 + 9,900 = 19,800 samples.

e Main risk: Overfitting to the minority class. The 100 original minority samples
are duplicated ~99 times each. The model memorizes these exact points rather than
learning the underlying pattern. Any noise in the minority examples is amplified.

(b) Random undersampling to 50:50 (reduce majority to 100):
e Resulting training set size: 100 + 100 = 200 samples.

e Main risk: Massive information loss. You discard 9,800 out of 9,900 majority
samples (99%). The model sees only 2% of the original data. Patterns in the majority
class that require large sample sizes to detect are lost. The resulting model has high
variance.

(c) Class weights (class_weight=’balanced’):
e Resulting training set size: 10,000 (unchanged).

e Main risk: No data-level risk—all original data is preserved. The optimizer assigns a
weight of 9,900/100 = 99 to each minority sample’s loss contribution, making minority
misclassifications 99 times more expensive. The risk is a noisier gradient (the loss
landscape is dominated by a few heavily weighted samples) and potentially unstable
convergence.

Which preserves the most information? class_weight=’balanced’ preserves all original
data. It is generally the safest starting point because it avoids both the memorization risk of
oversampling and the data-loss risk of undersampling.

Solution 8.4:
We have 10,000 transactions with 50 frauds. FP cost = €10, FN cost = €5,000.
Threshold 0.3: Precision = 0.15, Recall = 0.90.

e TP =0.90 x 50 = 45.

Total predicted positives = TP /Precision = 45/0.15 = 300. FP = 300 — 45 = 255.
o N =50 —-45=25.

Cost = 255 x 10 4+ 5 x 5,000 = €2,550 + €25,000 = €27,550.
Threshold 0.5: Precision = 0.45, Recall = 0.60.
e TP =0.60 x 50 = 30.

Total predicted positives = 30/0.45 = 66.67 ~ 67. FP =67 — 30 = 37.
e N =50 — 30 = 20.
e Cost =37 x 10+ 20 x 5,000 = €370 + €100,000 = €100,370.
Threshold 0.7: Precision = 0.80, Recall = 0.30.
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TP = 0.30 x 50 = 15.
Total predicted positives = 15/0.80 = 18.75 ~ 19. FP =19 — 15 =4.
FN =50 — 15 = 35.

Cost =4 x 10+ 35 x 5,000 = €40 + €175,000 = €175,040.

Threshold TP FP FN FP Cost + FN Cost Total Cost

0.3 45 255 5 €2,550 + €25,000 €27,550
0.5 30 37 20 €370 + €100,000 €100,370
0.7 15 4 35 €40 + €175,000 €175,040

Threshold 0.3 minimizes total cost at €27,550. The cost ratio here is extreme: each
missed fraud costs €5,000 while each false alarm costs only €10. That is a 500:1 ratio. With
such asymmetric costs, it is far cheaper to investigate hundreds of false alarms than to miss even
a few frauds. This is why fraud detection systems operate at low thresholds with high recall,
accepting many false positives to minimize the devastating cost of false negatives.

Solution 8.5:

(a)

Data splitting: Random train/test splitting is dangerous because fraud patterns evolve
over time (new attack vectors, seasonal patterns, concept drift). A random split lets the
model “see” future fraud patterns during training, inflating test performance. Better
approach: Time-based splitting. Train on the first 3-6 months of data, validate on the
next month, test on the most recent month. This mirrors the production setting where the
model must predict future transactions using only past data.

Resampling: Use class_weight=’balanced’ as the baseline. At a 0.05% fraud rate (50
frauds per 100,000), even SMOTE has limited material to interpolate—50 points in high-
dimensional space produce a thin manifold of synthetic samples that may not represent
real fraud diversity. Random oversampling at this extreme ratio (~2,000x duplication)
guarantees severe overfitting. Class weights avoid these problems entirely: all original data
is preserved, no synthetic artifacts, and the implementation is a single parameter change.
If class weights prove insufficient, try SMOTE applied only to the training fold (never the
validation or test set).

Model: Gradient boosting (e.g., XGBoost or Light GBM). Reasons: (1) It handles
tabular data with mixed feature types well. (2) It natively supports scale_pos_weight for
class imbalance. (3) It provides feature importance for interpretability. (4) It outperforms
logistic regression on nonlinear patterns (fraud often involves complex interactions between
amount, time, location, and merchant type). (5) Random forest is also strong but gradient
boosting typically achieves higher recall at a given precision level. Logistic regression is
too simple for the feature interactions typical in fraud, though it could serve as a baseline
or a component in an ensemble.

Metrics: Primary: PR-AUC (area under precision-recall curve). At 0.05% fraud rate,
ROC-AUC is misleadingly optimistic because TN dominates. PR-AUC focuses on what
matters: among the transactions the model flags, how many are actually fraud (precision),
and of all actual frauds, how many does the model catch (recall)? Secondary: Recall at
precision > 0.05 (or a business-specified precision floor) to ensure the alert volume is
operationally feasible.
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()

Threshold selection: Use cost-sensitive threshold optimization. From the business, you
need: (a) average fraud loss per missed transaction (FN cost), (b) cost to investigate a
flagged transaction (FP cost—analyst salary, customer friction), (¢) maximum daily alert
volume the investigation team can handle. Compute total expected cost at each threshold
using the validation set, and select the threshold minimizing cost subject to the alert-
volume constraint. The optimal threshold will be low (high recall) because FN cost > FP
cost.

Monitoring and drift detection: Track the following weekly:

e Prediction distribution: Monitor the average predicted fraud probability. A shift from
0.05% to 0.15% in the data means the model’s calibration degrades.

e Alert rate: If the number of daily alerts increases steadily, the fraud rate may be
rising.

e Precision of investigated alerts: If confirmed fraud among flagged transactions drops,
the model is losing discriminative power.

e Population Stability Index (PSI): Compare feature distributions monthly between
training data and recent production data. PSI > 0.2 signals significant drift.

A tripling of the fraud rate (0.05% to 0.15%) changes the prior probability substantially.
Retrain when: (1) PR-AUC on a rolling validation window drops below a predefined
threshold (e.g., 80% of the original), or (2) PSI exceeds 0.2 for key features, or (3) on a
fixed schedule (e.g., monthly) regardless of drift, using a rolling 6-month training window.
Retrain on recent data that includes the new fraud patterns.
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