Linear Algebra Week 5

Summary: Eigenvalues and Applications

16 Key Concepts with Visualizations

Part 1: Complex Numbers — Part 2: Eigenvalues — Part 3: Diagonalization — Part 4: Applications



Complex Numbers: The Complete Number System

The Complex Plane (Argand Diagram)

® Complex number z = a + bi visualized as point (a, b) in 2D plane
® Key property: i2 = —1 extends real numbers to solve all polynomials

The C

lex Numbers as Points
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Example: z = 3 + 2i is at point (3, 2) with |z] = VI3 ~ 3.6
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Euler's Formula: Exponentials Meet Trigonometry

Polar Form and Euler’s Formula

® Every complex number has polar form: z=r-e
® Euler's formula: e = cosf + isinf

Euler's Formula: Complex Exponentials on the Unit Circle

i0
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o
Euler's Formula:

8 e e~(i8) = cos(®) + i:sin(6)
£ On unit circle:
@ le~(i8)] = 1
E arg(e~(i0)) = 6
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Example: z = 1+ i in polar: r = V2, 0 = 7 /4,50 z = /2 - &/™/4
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Real Part: cos(6)
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Complex Arithmetic: Four Fundamental Operations

Operations in the Complex Plane

® Addition: vector addition (component-wise)
® Multiplication: scale moduli, add angles (rotation + scaling)

Complex Arithmetic Operations

(a) Addition: Tip-to-Tail (b) Scale + Rotate
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(c) Conjugate: Reflection Across Real Axis (d) Polar Form: r-e”(i0)
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Similar Matrices: Same Transformation, Different Coordinates

Similarity Transformation

® B = P~1AP means A and B are similar matrices
® Similar matrices preserve: eigenvalues, trace, determinant, rank

Similarity Transformation: Same Linear Map, Different Bases

,{) Standard Basis: Transformation A R (b) New Basis: {v, v}
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(d) Similarity Transformation Diagram
Commutative Diagram: B = P-*AP

Standard I

A
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[ J—— [ 5
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v {in new coords)
e =p
- aE B = PAP e
i Basis| Same transformation, |Basis
different

i (i new coords)|

s direction

-

Eigenvalues preserved:
A (

Y 1
s direction

P is the change-of-basis matrix; diagonalization is a special case of similarity
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Eigenvectors: Special Directions That Only Scale

The Fundamental Equation: Av = \v

® Eigenvector v: direction preserved by transformation A
® Eigenvalue \: scaling factor (A > 1 stretch, 0 < A < 1 shrink, A < 0 flip)

Example: A = (2

0

0

Eigenvalue Geometric Interpretation: Diagonal Matrix

Regular Vector (Rotated and Scaled)
(Only Scaled, Same Direction)

. Original vector u
W Transformed Au W Egenvector v,
100 WA Avi=2v,

05) has v; = (1,0) with A\; =2, vo = (0, 1) with A\, = 0.5
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Characteristic Polynomial: Roots Are Eigenvalues

Finding Eigenvalues
® Characteristic polynomial: p(\) = det(A — Al)
® Eigenvalues are roots of p(A) =0
Characteristic Polynomial: Roots are Eigenvalues

Case 1: Distinct Real Eigenvalues (2x2 symmetric) Case 2: Repeated Eigenvalue (2x2 diagonal)

— -r-a3

s z
s
A=2 (mut. 2
- ¢ ) — p=0-2
R T H LR T kY 3 T 3 3 T H
i A
Case 3: Complex Eigenvalues (90-degree rotation) Case 4: Three Distinct Eigenvalues (3x3 matrix)

— = o208

PN

(Compiex sigenvalues: 1= =7

oY)

— o =A 1
Noreal roots

5 2 Y ] T 3 3 1 ] T 3 3 7 H

Example: A = G f) = pA) =22 —22—-3=(A—3)(A+1),s0 A =3,—1
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Finding Eigenvectors: Solving the Null Space Problem

Eigenvectors from Eigenvalues

® For each eigenvalue X, solve (A—X)v=20
® Eigenspace E) = ker(A — Al) contains all eigenvectors for A

3D Eigenvectors: Principal Axes of Transformation

Eigenvectors (Original) After Transformation (Scaled)

Use Gaussian elimination on (A — \/) to find basis vectors for each eigenspace
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Algebraic vs Geometric Multiplicity

When Can We Diagonalize?

® Algebraic multiplicity: times A appears as root of det(A — \/)
® Geometric multiplicity: dimension of eigenspace dim(E))

ic vs.

Case 1: Multiplicities Match

Matrix A: diagon

3)

Characteristic polynomial:

PA)=(5-A23-2)

Algebraic mu

| Geometric mu. = 2

Eigenspace:
0im = 2 (spans frst two coordinates)

STATUS: DIAGONALIZABLE|

Case 3: Mixed Multiplicities (Both Match)

Matrix C:

gonal(2, 3, 3)
PA)=(2=A)3=A)?

Eigenvalue Analysis:

Comp:

Case 2: Multiplicities Differ
Matrix B: upper triangular
(5,10 0n diag, 1 above diag)

Characteristic polynomial:
P =(5-AP(E-A)

Eigenvalue A =5
Algebraic mult. = 2 | Geometric mult. = 1

Eigenspace:
Dim = 1 (only ONE independent sigenvector!)

(STATUS: NOT DIAGONALIZABLE
DEFECTIVE MATRIX

Case 4: Severely Defective Matrix

(4 0n diag, 1 above diag)

PO =(4-2)°

Single Elgenvalue A= :
Algebraic mult. = 3 | Geometric mult. = 1

A Alg. ma Geom. Mt
2 1 1
3 2 2

Both cigenvalues have matching multpiciies

(Diagenalizable: YES|

Key inequality: 1 < geo < alg. Diagonalizable <> equality for all eigenvalues

Eigenspace:
Dimension = 1

SEVERELY DEFECTIVE

ot Diagonaiizable - Use Jordan Form
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Diagonalization Algorithm: Step-by-Step

Finding A = PDP~1

® D =diag(A1,...,An) contains eigenvalues on diagonal
® P =[vi|v2|---|vs] has eigenvectors as columns

Diagonalization Algorithm
Key Points:

Check geometic = agebraic mutipity

- Foemedorerierin P matches coenlus crierind m
- Symmetric matrcesare aways diagonaizabie

[ Compute charactaristic polynomiat

s )
!

Find eigenvalues Ay Ao ..

A
)
Result: A

(Fots of char. polynomia

15 diagonalizable
R,

quires n linearly independ g tors;

Y

ric matrices always diagonalizable
Linear Algebra Course (BSc Mathematics)
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Computing Matrix Powers:

A" = PD"P~1

Huge Speedup

® Direct method: A" requires n — 1 matrix multiplications
® Via diagonalization: D" = diag(\],..., ) is trivial

Operations (log scale)

Method 1: Direct Computation
Compute A% directly:

Ame Aol XA
Operations:

-2 matrx mutiplcatons
«Each mutipicaton: O

+Tota: O

For A~100:
99 matx mutipictions

c Cost for A~100

10" { o= Direct: O
- Diagonaization: 0(¢)

75 10 15 10 15 200
Matrix Size (dxd)

Method 2: Diagonalization
Compute via diagonalization:
Step 1: Diagonalize A = POP-*
(one time cot: 0181

Step 2: Compute D
D7 = gl n, v . A o)
d exponentitions: e

Step 3:A%n = PDnP-+

@ matix . 016

Total: O(a + d)

For A100:

- iagonsize once

+2 exponentations

-2 mats muplcatins

+For 100x100: ~2x10"aperatons

Example: Computing A~10
Given A= [13, 11, 11, 311

Diagonalization:

Compute D°10:
0410 = (11048576, )
o, 102001

Result A10 = PD~10P3:

Lis2aeoo, 5237761
1523776, s2480011

For 100 x 100 matrix: direct ~ 108 ops vs diagonalization ~ 2 X 100 ops (50x faster)
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Complexity Comparison

Motixsize | Directa"100 | Diagonalization
2 00 o
10310 10 210

10001000 10 2

Specdup for 100x100 matrix:

When to Use Each Method?

Use DIRECT method when:

 very smll matices (2x2)

Use DIAGONALIZATION when:

« Matri s dagonalzabie

Key tnsight:
<etup cos, bt then computing
any pawer A~n i very ot
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For Symmetric Matrices

* A= A]_V]_Vir + )\2VQVI + -

® Each term v;v,.T projects

onto the eigenspace

Original Matrix A v (=4.0) Aavava” (a=2.0)

Properties
Spectral Decomposition:

A= AT 4 st

15

10

05

00

05

10

s

exchtem v
«projets oo spon(u
“Ranke1

«tdempetent (¥ = vwr

« symmerric

Welghts: M=4.0, 32,0

Orthonormal eigenvectors for symmetric matrices; basis for PCA in data science
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Diagonalization as Basis Change

Standard — Eigenbasis — Scale — Standard

e P—1: convert to eigenvector coordinates
® D: simple scaling along eigenvector directions

Standard Basis

Basis Change Flow

Eigenvector Basis

B
55 15
30 o
25

. 05
20 N 5
% g oo
15 g
® o
0
0s 10
oo s
3 T 7 7 °

Matrix P (Change of Basis)

P = [0.707 -0.707]
16.707_0.707]

Ptranstorms rom eigenvector

p—1 D P
Workflow: x —— y — Dy — PDy = Ax

© 15 0 05 oo 05 10 15 20
direction 1

Matrix D (Diagonal)

Transformation A = PDP-1 Ax

.

94 : Eammy) )

2.0]

:
‘o
prorkboii 2
N

P N
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Markov Chains: Probabilistic State Transitions

Stochastic Matrices

® Stochastic matrix P: columns sum to 1, all entries > 0
e State evolution: x(kt1) = p . x(k)

Markov Chain: Weather Model

(P=110.7, 0.41, (0.3, 0.61]

Each arrow shows transition probability (edges sum to 1 from each state)

0.7 04

Weather example: P = (03 0.6

) — Sunny—Sunny: 70%, Rainy— Sunny: 40%
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Steady State: The Dominant Eigenvector

Long-Term Behavior

® Steady state 7 satisfies Pr = 7 (eigenvector with A = 1)
® Every stochastic matrix has eigenvalue A =1

Markov Chain Convergence to Steady State

R Convergence: Sunny Probability R Convergence: Rainy Probability
—— Start 100% Sunny = Start 100% Sunny
— tart: 100% Rainy == Start 100% Rainy
—— Start: 5050 - Start: 5050

0 —— Start 80% Sunny os —— Star 80% Sunny

= - Steady state: 0.571

Probability of Sunny State

Probability of Rainy State

) T o T
Iteration k Iteration k

Weather model steady state: « = (4/7,3/7) =~ (0.57, 0.43) — Long-term: 57% sunny

Linear Algebra Week 5 Summary December 2025 15/1



The Key Idea: Links = Votes of Importance

® A link from page A to page B is like A “voting” for B
® Pages with many incoming links are more important
® Links from important pages count more than links from unimportant pages

k: 4-Page

Unks age 142,31 ag Goa-1) Paged-123
Wode sce refects agen {RrO @SR Hhest, Page 4 onest)

Random surfer model: imagine clicking random links — where do you end up most often?

Linear Algebra Course (BSc Matl
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PageRank Example: 3 Web Pages

A Tiny Web with 3 Pages
The Network:

® Page A links to B and C
® Page B links to C only
® Page C links to A only

Transition Matrix:

0 0 1
G=[(05 0 0
05 1 0

Page C wins because it gets a linl

Computing PageRank:
Start: (©) = (0.33,0.33,0.33)

After iterations:

() = (0.4,0.2,0.4)

Result: Pages A and C tie for most important (40% each), B

is least important (20%)

from important page A; B loses because only unimportant A links to it
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PageRank = Eigenvalue Problem in Disguise

From Random Surfing to Linear Algebra
® Build matrix G: entry G;; = probability of going from page j to page i
® PageRank scores = steady state 7 where G = 7 (eigenvector with A = 1)
® Compute by iteration: start anywhere, keep multiplying by G, converges to answer
PageRank: Iteration and Convergence (a=0.85)

g ion by Page Convergence: Distance from Steady State

(Sieaty e Page T=0412 Fage 3=0273 Fage 3-0317 Foge 4=0.48 )

035

oz
g

& oz —— Page1
2 —— Page2
5 '~ Page3
E“ 2 Page 4
&

== Convergence threshold: 1e-06

% g

T i
Iteration k Iteration k

Google (1998): This simple eigenvalue idea revolutionized web search for billions of pages
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