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Learning Objectives

After this block, you will be able to:
@ Distinguish between discrete and continuous random variables
o Calculate and interpret expected value and variance
o Apply the normal distribution to business problems
o Understand sampling distributions and the Central Limit Theorem
@ Construct and interpret confidence intervals

@ Determine appropriate sample sizes for surveys

Focus: Practical business applications with marketing and pricing examples

Distributions and Sampling Foundations



Why Distributions Matter in Business

Every business decision involves uncertainty
@ How many units will we sell tomorrow?
o What price will customers accept?

o Will this marketing campaign succeed?

New Product Launch: Outcomes Under Uncertainty
Distributions Help Us Make Better Decisions
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Key Insight: Distributions help us quantify and manage uncertainty
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Random Variables

Discrete: Countable, distinct values (purchases: 0, 1, 2, ...; ratings: 1-5)

P(X =0)=0.30, P(X=1)=040, P(X=2)=0.20, P(X=3)=0.10
Continuous: Any value in an interval (price, revenue, time)

Continuous Random Variable: Customer Willingness to Pay

0.8 Continuous Variable:
WTP can take ANY value
(EUR 2.37, 2.89, etc.)

Key insight: We find
probabilities for RANGES

Probability Density
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IS o

o
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2 3
Willingness to Pay (EUR)

Key Insight: Discrete: exact probabilities; Continuous: probabilities for ranges

Found.
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Expected Value and Variance

Expected Value: Weighted average of outcomes

E[X] = ZX; -P(X =x) (what we expect “on average”)
i

Variance: How spread out outcomes are from the mean
Var(X) = E[(X — p)?] = &2 (higher variance = higher risk)

Variance Measures Risk: Same Return, Different Risk Profiles

Same Expected Return

—— Low Risk (sigma = 3%) o Risk Comparison:
—— High Risk (sigma = 8%) Low risk: P(Loss) = 0.4%
0.12 == Loss probability (high risk): 15.9% High risk: P(Loss) = 15.9%

Variance measures spread
Higher variance = higher risk

o o o
o o i
& ® o

Probability Density
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Annual Return (%)

Key Insight: Same mean can have very different risk profiles
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The Normal Distribution

The bell curve: Most important distribution in statistics

The Normal (Gaussian) Distmpa\,gtmg)

= Standard Normal N(0,1)
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Parameters and the Empirical Rule

Two parameters define a normal: p (location) and o (spread)

The Empirical Rule (68-95-99.7 Rule)
i

99.7% (within 3 sigma)
H T 95% (within 2 sigma)
68% (within 1 sigma)

0.4

Probability Density
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N w

e
i

1sigma 2sigma 3sigma

l
-3sigma -2sigma -1sigma fu
H

-4 -3 -2 -1 0 1 2 3 4

Standard Deviations from Mean
68-95-99.7 Rule: 68% within 1o, 95% within 20, 99.7% within 30
Key Insight: Memorize this rule for quick probability assessments

The Normal
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Standardization: The Z-Score

Z-Score: Converts any normal to the standard normal N(0, 1)

_X-n
- (o2

z

Standardization: Converting Any Normal to Standard Normal

Original: X ~ N(500, 80) Standardized: Z ~ N(0, 1)
0.005 0.40
0.35
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2 2
a 7
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a [s]
Fl 2020
3 3
£ 0.002 So1s
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0.10
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0.000 0.00
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Dailu Calae Lunitel <
(z-Score Formula: Z = (X - mu) / sigma | Example: Z = (620 - 500) / 80 = 1.50]

Key Insight: Z-score tells us how many standard deviations a value is from the mean
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Finding Probabilities

Finding Probabilities: Chocolate Bar Sales ~ N(500, 80)

P(X < 420) = 0.159 P(X > 580) = 0.159 P(450 < X < 550) = 0.468
0.005 1 0.005 1 0.005 1
1 1
0.004 1 i 0.004 1 i 0.004 1
1 |
0.003 1 0.003 1 0.0031
0.002 1 0.0021 0.0021
0.001 1 0.0011 0.001 1
0.000 1 0.0001 0.0001 )
200 400 600 800 200 400 600 800 200 400 600 800
Daily Sales Daily Sales Daily Sales

Key Insight: Convert to Z-scores, then use tables or software
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Business Example: Pricing Strategy

Question: What price captures 80% of customers?

Customer Willingness to Pay for Chocolate Bar
'

Customers willing to pay >= EUR 3.00 (20%)
0.7 Customers with WTP < EUR 3.00 (80%)
— = 80th Percentile: EUR 3.00

Business Insight:
Setting price at 80th percentile
ke

captures 20% of market
who are premium buyers

o
o

o
o

< Price = EUR 3.00

Probability Density
o I
w >

o
N

0.1

0.5 1.0 15 2.0 25 3.0 35 4.0 4.5
Willingness to Pay (EUR)

Key Insight: Quantiles help set optimal price points for market segmentation
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Business Example: Inventory Planning

Goal: Stock enough to satisfy 95% of demand days

0.010

0.008

0.006

0.004

Probability Density

0.002

0.000

Inventory Planning: Setting Stock Level for 95% Service Level

|— Daily Demand Distribution

| Demand satisfied (95%)

! potential stockout (5%) 5 units

Inventory Decision:
Mean demand: 200 units/day
Target service: 95%

Stock level: 266 units
Safety stock: 66 units

66 units
(above mean demand)

50 100 150 200 250 300 350
Daily Demand (units)

Key Insight: Safety stock = extra units above mean to handle demand variability
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Checking Normality

Before applying normal methods, verify your data:
@ Visual check: histogram, density plot
o QQ-plot: points should follow diagonal line
o Sample size: CLT helps with n > 30

When is Normal Appropriate? Check Your Data!

Right-Sk

Approximately Normal (Household Income) Bimodal
(Adult Heights) le-5 (Product Ratings)
2.00
0.040
/ 175 0.04
0.035 !
1.50
0.030
125 0.03
0.025 :
1
\ 1.00
0.020 ' 0.02
0.015 075
0.010 / \ 0-50 0.01
I3
0.005 0.25
A
0.000 == EEE I A = 0 L 0,00
140 160 180 200 0 1 2 3 200 40 60 80
Height (cm) Income (EUR) 1e5 Rating Score

Use histograms and QQ-plots to assess normality before applying normal distribution methods

Key Insight: See appendix for detailed QQ-plot interpretation

Distributions and Samplii The Normal Distribution



Population vs Sample

Population vs Sample: The Foundation of Statistical Inference

© Population (N = 200 Sample (n = 25
Notation: _ P! ( i - [¢] ple ( ) Why Sample?
N = populatiogsize > o > Population: Al Btomers - Population too large to study entirely
sample s B . - Cost and time constraints.
population mean | © - Can still make valid inferences
= sample mean ) P o . if sample is representative
. o o0 )
°g . . ° :
o o o) *
o° ) ‘
o 4 o
> 8 - @
1) ® c
) [o) . ) o
. ,
© Q@ » 090 o .
® . R ,
N o nple ed Subset f@ sureey [0}

Key Insight: We study samples to make inferences about populations
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Sampling Distribution of the Mean

Sampling Distribution: Many Samples --> Distribution of Sample Means

Distribution of 1000 Sample Means

One Sample (n = 30)

— = Sample mean = 47.2 0.16 1 —— Theoretical: N(50, 2.74)

—— Population mean = 50 ~ = E[X_bar] = 50
)
@
c
7
o

40 50 60 40 45 50 55 60
Sample Mean

30

Value
Standard Error: SE = sigma/sqrt(n) = 15/sqrt(30) = 2.74

Key Insight: The sampling distribution shows how sample means vary from sample to sample
Sampling Theory
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The Central Limit Theorem

CLT: The most important theorem in statistics

Central Limit Theorem: Sample Means Approach Normal Distribution

Original Population Sample Means (n = 1)
(Exponential - Skewed) SE =1.99
0.4 : —= Mean =1.99 0.4 :
> i > i
= | = |
2 | 2 |
@ 0.2 | © 0.2
o I o
i
0.0 — T T T T 0.0
0 5 10 15 20 00 25 50 7.5 10.0 12,5 15.0
Value Sample Mean
Sample Means (n = 5) Sample Means (n = 30)
SE = 0.89 SE = 0.36
1
—— CLT Normal
.04 L Lo
= =
2 2
o2 205
0.0 0.0
0 2 4 6 1.0 1.5 2.0 2.5 3.0 3.5
Sample Mean Sample Mean

Key Insight: Regardless of population shape, sample means approach normal for large n
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Standard Error

Standard Error: The standard deviation of the sampling distribution

7

Standard Error Decreases with Sample Size (sigma = 20)

SE =

8
Standard Error Formula:
SE = sigma / sqrt(n)
7 SE =20/ sqrt(n)
6-32 Key Insight:
6 Quadrupling n halves SE

Diminishing returns
larger n = smaller improvement

o)

Standard Error of Mean
w >

n=10 n=25 n=50 n=100 n=200 n=400
Sample Size (n)

Key Insight: Larger samples = smaller SE = more precise estimates

Sampling Theory
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Sample Size and Precision

Sample Size and Precision: Larger n = Tighter Distribution

- —— n=10,SE=4.74
Key Insight:
Larger sample = narrower curve —_ 0, SE =212
= more precise estimate =200, SE = 1.06
= tighter confidence interval . True mean (mu = 50)
But: diminishing returns!
4x sample for 2x precision
>
=
i)
c
a
>.0.20
&
o
©
go015
[
&
0.10
0.05
0.00

35 40 45 50 55 60 65
Sample Mean

Diminishing returns: Quadrupling n only halves the standard error

Key Insight: Balance cost vs accuracy in survey planning

mpling Theory
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Practical Sample Size Guidelines

Rules of thumb for business surveys:
@ Minimum n = 30 for CLT to apply
@ n = 100 for basic confidence
@ n = 400 for 5% margin of error (proportions)
°

n = 1000+ for precise subgroup analysis

Factors: Expected variability, desired margin of error, budget, need for subgroups

Key Insight: Precision has diminishing returns: balance cost vs accuracy
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From Point to Interval Estimates

Point vs Interval Estimates: 10 Different Samples from Same Population

1 °
Sample 107 (point Estimate: Single value (the dot) ®
Interval Estimate: Range of values (the bar)
Sample 97 | g5y, c1; ~959% of intervals wil
contain the true mean
Sample 8 T 10}
[}
$ Sample 7 : O
Q
£ 1
S Sample 6 O+
=z 1
) 1
o Sample 5 @
£ 1
l 1 P
v Sample 4 N @
1
Sample 3 + @
1
P
Sample 2 T — = True Mean (mu = 100)
1 =@~ Cl contains true mean
Sample 1 : @ ~@- Cl misses true mean
94 96 98 100 102 104 106 108
Value

Key Insight: Intervals acknowledge uncertainty; points give false precision
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Confidence Interval: Concept and Formula

95% Confidence Interval: Anatomy and Interpretation

Sample Mean

Margin of Error
=1.96xSE=

f O {

EUR 37.6 EUR 47.4

95% Confidence Interval

Correct Interpretation:
“We are 95% confident that

the true mean transaction value

is between EUR 37.6 and EUR 47.4"

NOT: "95% probability
x_bar = EUR 42.5 the true mean is in this range”

30 35 40 45 50
Average Transaction Value (EUR)

Formula: X+ z,, - % (e.g., z=1.96 for 95% CI)

Interpretation: 95% of such intervals contain the true parameter

Key Insight: Cl = Point Estimate 4+ Margin of Error

Distributions and Sampling Confidence In
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The t-Distribution

When ¢ is unknown (most common): Use t instead of z

X+ toc/2,nfl .

t-Distribution: Accounting for Uncertainty in Estimated SD

- - == Normal (2)
The t-Distribution: "
- Used when sigma is unknown — t(df=3)
- Has "heavier tails" than normal — t(df=10)
- Shape depends on df = n - 1 — t(df=30)
- Approaches normal as df increases
- For df > 30, nearly identical to Z

o
»
o

o
w
o

o
W
o

o
N
o

Probability Density
IS
N
o

0.15
0.10
0.05
0.00 {
-4 -2 0 2 4
t-value

Key Insight: Heavier tails account for extra uncertainty; for n > 30, t ~ z

Is
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Factors Affecting ClI Width

Three Factors That Affect Confidence Interval Width

Sample Size (n) Standard Deviation (s) Confidence Level
20.04 20.04
124
17.54 17.54 '/\orr,;v/»a‘ ‘T’E“O” = More confidence =
Wider ;
5.7 e
15.04 15.04
12.59 12.54
K= K= =
=} =} =}
S S S
= 10.0 = 10.04 =
o o 7.8 O
7.5 7.5
Larger n =
Narrower Cl
5.0 3.0 5.0 3.0
2.54 2.5
0.0- 0.0 T y T 0
n=25 n=100 n=400 s=10 s=20 s=40 90% 95% 99%

(CT width = 2 x z x (s / sart(n)))

Key Insight: To narrow Cl: increase n, reduce variability, or accept lower confidence
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Sample Size for Desired Precision

Planning surveys: How many to sample?
SN2
n= (Z 0’)
E

Sample Size Planning: Precision Has a Cost

900
Sample Size Formula:
800 n = (z * sigma / E)*2
where:
z =1.96 (95% CI)
_ 700 sigma = 15 (population SD)
£ E = desired margin of error
g 600
o
2 500
E Halving margin of error
A 400 requires 4x sample size!
o
£
3 300
o
Q
-4
200
100
0
1 2 3 4 5 6 7 8 9 10

Desired Margin of Error (E)

Key Insight: Halving margin of error requires quadrupling sample size
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Interpreting Confidence Levels

Confidence Level Trade-offs: Precision vs Confidence

Confidence Level Trade-off:
Higher confidence =

+ More likely to contain true value
- Wider interval (less precise)

Lower confidence =

[

920% CI Width = ¢ + Narrower interval (more precise)
- Less likely to contain true value
95% is standard in business
|
95% CI * Width = 11.8
1
1
i
1
99% Cl | & | Width = 15.5
I T
|
1
1
1
1
1
1
1
35 40 45 50 55 60 65 70

Value

Key Insight: Choose confidence level based on decision consequences

Distributions and Sampling Confidence Int



A/B Testing Framework

A/B Test: Email Subject Line Compgrison
95% Confidence Intervals [9.2%, 14.8%]

Cls overlap
No significant difference
Control Recommendation: Need more data

(n=500)

16.0%
[12.8%, 19.2%]

Treatment
(n=500) == Control (Old Subject)

I Treatment (New Subject)

0 5 10 15 20 25
Open Rate (%)

Key Insight: Non-overlapping Cls indicate statistically significant difference
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Decision Making with Uncertainty

Scenario A:
Cl above target

Scenario B:
Cl contains target

Scenario C:
Cl below target

Using Confidence Intervals for Business Decisions

Decision Framework:

If Cl entirely ABOVE target:
~-> Strong evidence to GO

If CI CONTAINS target:
--> Inconclusive, need more data

If Cl entirely BELOW target:
--> Strong evidence against

UNCERTAIN

== = Target/Threshold = 100

70 80 920 110

Metric Value

120

-
w

0 140

Key Insight: Use Cls to make go/no-go decisions with appropriate uncertainty

Distributions and Sampling
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Common Pitfalls to Avoid

Misinterpretations:
@ “There is a 95% probability the true mean is in this CI" — WRONG

o Correct: “95% of such intervals contain the true mean”

Common mistakes:
@ Using normal methods for highly skewed data
o Ignoring non-response bias in surveys

o Confusing confidence level with probability

Best practices: Report n and confidence level; check assumptions; consider practical significance
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Summary and Key Takeaways

Core Concepts:
@ Distributions describe uncertainty in business outcomes
@ Normal distribution is central; characterized by p and o
© Sampling allows inference from part to whole
@ CLT ensures sample means are approximately normal

@ Confidence intervals quantify estimation uncertainty

Key Formulas:
X—p
o

e Standard Error: SE = 2
v
@ 95% Cl: x4+1.96 - SE

e Sample Size: n = (%’)2

o Z-score: Z =

Distributions and Sampling Business Applications



Appendix: PMF vs PDF Details

PMF vs PDF: Discrete vs Continuous Distributions

. P(X = 2) = 0.26 .
Discrete: PMF Continuous: PDF
(Customer Purchases per Month) (Transaction Values)
0.25 1 0,025
i — X -
= 0.20 = 0.0201 P(40 < X < 60) = 0.47
I 2z
X 2
& 0.15 @ 0.015 A
> a
£ z
' 0.101 3 0.0104
o Q
T [
o 4
0.05 | 0.005
I:I 0.000 A
0.00 A A I E3 . ‘ ‘ ‘ ‘ :
0 1 2 3 4 5 6 7 0 20 40 60 80 100
Number of Purchases Transaction Amount (EUR)

Key Insight: PMF gives exact probabilities; PDF requires integration over ranges
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Appendix: Expected Revenue Calculation

Expected Daily Revenue: Chocolate Bar Sales
(Price = EUR 2.00 per bar)

E[Revenue] = SUM(P_i * Revenue i)
16001/ ="0.2 x 600.0 + 0.6 x 1,000.0 + 0.2 x 1,400.0
= EUR 1,000 P =20%
EUR 1,400
1400
o 1200 =
5 P = 60% E[Revenue] = EUR 1,000
w EUR 1,000
© 1000 == === === ——— = —
>
5
> 800
K P = 20%
- EUR 600
= 600
©
[=]
400
200
Slow Day Average Day Busy Day
(300 units) (500 units) (700 units)

Key Insight: Expected value tells us what to expect “on average” over many trials
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Appendix: Normal Parameters Visualization

Normal Distribution Parameters: mu (Location) and sigma (Spread)

Effect of Mealﬂ?ﬂgfciens Effect of Std Dev (sigma)
Sigma = 2 (constan S Mu = 5 (constant)
0.2001 — mu=0 0.401 —— sigma =1
0 s mu =5 0.35 —— sigma = 2
175 = mu = 10 ! — sigma = 4
5, 0.150 1 5, 0.301
_E E Larger sigma =
€ 0.125- € 0.254 wider, flatter
oV o
o a
20.100 20.201
% a
8 0.0759 R0.154
o o
& 0.050 % 0.10
0.0254 0.05
0.0001 0.00 -
-10 -5 0 5 10 15 20 -10 -5 0 5 10 15 20
X X

Key Insight: Two parameters completely define a normal distribution
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Appendix: Standard Normal Distribution

Standard Normal Distribution: The Universal Reference

— Z ~N(0, 1) Common Z-Table Values:
0.41 P(Z < -1.96) = 0.025
P(Z < -1.645)
P(Z < 0)
P(Z < 1.645)
P(Z < 1.96) =
0.3
>
fn
@
f=
a
. 0.2
£
a
©
S
& 0.14
0.0 2= 12961645
(2.5%)(5%) z%0 z=1.a451.96
(5q9) (95%PB7.5%)
-4 -3 -2 -1 0 1 2 3 4
Z-Score
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Appendix: Finding Quantiles

Inverse Problem: Finding the 90th Percentile
Chocolate Bar Sales ~ N(500, 80)

0.005 90% of days: sales < 603

Inverse Problem:

X = 603
(90th percentile)

0.004

i
T
1
1
1
1
1
1
1
0.003 1
1
1

0.002

Probability Density

0.001

0.000

I

o
S)

200 300 400 500 700 800

Daily Sales (units)

Key Insight: Formula: X = pu + z - 0 where z comes from the standard normal
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Appendix: QQ-Plots for Normality

QQ-Plots: Visual Tool for Assessing Normality

Normal Data Non-Normal Data
Points Follow the Line Points Deviate from Line

701 .

60

Sample Quantiles
1%
o

Sample Quantiles

2 1 0 1 2 2 1 0 1 2
Theoretical Quantiles Theoretical Quantiles

QQ-Plot Interpretation: If data is normal, points should fall close to the diagonal line

Key Insight: Points on the diagonal line = data is approximately normal
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Appendix: CLT Demonstration (Uniform)

CLT: Even Uniform Population -> Normal Sample Means

n=2
SE = 20.41
i .10
0.0200 0.051 0.10
I\
0.0175 { Hi i3
I 1 0.08
2 B .04 .
0.0150 nin 0.0
1 1
il i
0.0125 ]
B 5 \ 0.031 0.06
g 1 1
$ 0.0100 ,' 1
a I 1
] 0.04
0.0075 1 i b 0.02
I 1
1 1
0.0050 ! L
| i 0.014 0.02 1
0.00251 il A
1 Y
7 \,
0.0000 <, — 0.00+ 0.00-
0 50 100 25 50 75 40 50 60
Sample Mean Sample Mean Sample Mean

Original population: Uniform (completely flat) | As n increases, sample means become more normal

Key Insight: Even from a completely flat distribution, sample means become normal
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Appendix: Customer Satisfaction Survey Example

Customer Satisfaction Survey: Estimating True Mean

57 (Hotel satisfaction Survey:
Sample size: n = 100
Sample mean: x_bar = 4.2/5 a
Sample SD:

4 Standard Error: SE = 0.080
95% Cl: [4.04, 4.36]

>
=
@
g3
a
>
=
5
]
] 2
°
&
1
0
]

3.9 4.0 4.1 4.2 4.3 4.4 4.5
True Population Mean Satisfaction

Key Insight: The Cl gives us a range of plausible values for true satisfaction
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Appendix: Critical Values Table

Critical Values: Z-Scores for Confidence Intervals
1

[ 9 Lz = +/-
95% Cl: 2 = +/-1.96 Common Critical Values:
0.4 Confidence |

Probability Density
° o
N w

o
-

Key Insight: Higher confidence requires wider interval (larger critical value)
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Appendix: Transaction Value Cl Example

Example: Average Transaction Value with 95% CI

Sampling Distribution 95% Confidence Interval
H 1 H

0.25
20.209 x_bar = EUR 45.80
D
c
d)
Q0.15
%
©0.104
[ EUR 42.86 EUR 48.74
a

0.051

0.001

: 1
40 42 44 46 48 50 52 40 42 44 46 48 50 52
Average Transaction Valy Transaction Value Analysis: verage Transaction Value (EUR)

n = 64 transactions

x_bar = EUR 45.80

sigma = EUR 12.00

SE =12.0/sqrt(64) = 1.50
95% Cl: [42.86, 48.74]

Key Insight: The Cl tells management the likely range for true average transaction

Distributions and Samplii



Appendix: Pricing Cl Example

New Product Pricing: 95% CI for Mean Willingness to Pay

Pricing Decision Analysis:
Sample: n = 50 customers
Mean WTP: EUR 2.85

95% CI: [EUR 2.65, EUR 3.05]

Decision: Proposed EUR 2.50 is
within CI - likely acceptable!

Mean WTP
EUR 2.85

e

EUR 2.65 EUR 3.05

—— Current price: EUR 2.00
— — Proposed price: EUR 2.50

1.50 175 2.00 2.25 2.50 2.75 3.00 3.25 3.50
Willingness to Pay (EUR)

Key Insight: Cl for WTP helps determine if proposed price is viable
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Appendix: Marketing Sample Size Example

Sample Size Planning: Balancing Precision and Budget. 5

250 Business Decision: I Sample Size Required 3 Total Cost (EUR)
sigma = 0.8 (expected SU) 3500
Cost per survey = EUR 15
Medium precision (E = 0.2)
2001 | often best balance of 3000
- cost vs precision E,E
E p}
E 2500
z 7
2 150 (4
|9)
g 2000 =
o 2
o c
= 100 1500 &
:
=61 EUR922 =
< " 1000 ©
50 n=27 EUR410
500
Low Medium High
(E=0.3) (E=0.2) (E=0.1)

Precision Level

Key Insight: Balance precision needs against survey budget
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Appendix: Chocolate Revenue Impact

Impact of Price Increase: EUR 2.00 to EUR 2.20

B Customers Buying
17500 mmm Revenue (EUR)
EUR 15,953
EUR 15,212

15000
12500

9 Analysis Summary:

2 10000 Price increase: +10%

> Demand decrea: 13.3%

Revenue chang 6%

7500 Net effect: EUR -741
5000
2500
0

Before After
(EUR 2.00) (EUR 2.20)

Key Insight: Distribution analysis shows net revenue impact of price change
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Appendix: Website Conversion Rate Example

Website Conversion Rate: 95% Cl for Proportion
1

Website Conversion Analysis:
Visitors: n = 1,000
Conversions: x = 45
Conversion rate: p = 4.5%
SE = sqrt(p(1-p)/n) = 0.66%

95% Cl: [3.2%, 5.8%]

Our conversion
Result: Our rate is above rate: 4.5%
industry benchmark!

M

3.2% 5.8%

= = Industry benchmark: 3.5%

2 3 4 5 6 7
Conversion Rate (%)

Key Insight: Cl for proportions uses SE = |/ =~
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